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Introduction 

Let / : M — > M be a dynamical system and let (p: M — > R be a function. 
Considerable energy has been devoted to describing the set of solutions to 
the cohomological equation: 

(1) ,^ = $0/-$, 

under varying hypotheses on the dynamics of / and the regularity of (p. 
When a solution $: M — > M to this equation exists, then (p is a called 
coboundary, for in the appropriate cohomology theory we have (p = d^. For 
historical reasons, a solution $ to ([T]) is called a transfer function. The 
study of the cohomological equation has seen application in a variety of 
problems, among them: smoothness of invariant measures and conjugacies; 
mixing properties of suspended flows; rigidity of group actions; and geomet- 
ric rigidity questions such as the isospectral problem. This paper studies 
solutions to the cohomological equation when / is a partially hyperbolic 
diffeomorphism and is C, for some real number r > 0. 

A a partially hyperbolic diffeomorphism f : M ^ M of a compact manifold 
M is one for which there exists a nontrivial, T/-invariant splitting of the 
tangent bundle TM = (B (B E^ and a Riemannian metric on M such 
that vectors in E^ are uniformly contracted by Tf in this metric, vectors 
in E'^ are uniformly expanded, and the expansion and contraction rates 
of vectors in E^ is dominated by the corresponding rates in and E^ , 
respectively. An Anosov diffeomorphism is one for which the bundle E'^ is 
trivial. 

In the case where / is an Anosov diffeomorphism, there is a wealth of 
classical results on this subject, going back to the seminal work of Livsic, 
which we summarize here in Theorem 10.11 Here and in the rest of the 
paper, the notation C'^'", for k G Z+, a € (0,1], means C^, with a-Holder 
continuous A;th derivative (where C^'°^, a S (0, 1] simply means a- Holder 
continuous). For a € (0, 1), means a-Holder continuous. More generally, 
if r > is not an integer, then we will also write C for C'W'^"^, 

Theorem 0.1. pl Ol iLSl IGKTI [GK2l IdlLMMi [Jl IdlLl] Let f : M ^ M 

be an Anosov diffeomorphism and let (p : M ^M. be Holder continuous. 

I. Existence of solutions. If f is and transitive, then has a 
continuous solution <I> if and only if J2x€0 '^(^) ~ f'^^ every f -periodic 
orbit O. 

II. Holder regularity of solutions. If f is C^, then every continuous 
solution to (OP is Holder continuous. 

III. Measurable rigidity. Let f be and volume-preserving. If there 
exists a measurable solution <I> to (Cp, then there is a continuous solution ^, 
with ^ = ^ a.e. 

More generally, if f is and topologically transitive, for r > 1, and fi 
is a Gibbs state for f with Holder potential, then the same result holds: if 
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there exists a measurable function <I> such that (CP holds ii-a.e., then there 
is a continuous solution with ^ = ^, fi-a.e. 

IV. Higher regularity of solutions. Suppose that r > 1 is not an 
integer, and suppose that f and (j) are . Then every continuous solution 
to (CP is C. 

If f and (f) are C\ then every continuous solution to (CP is C ■ 
If f and (j) are real analytic, then every continuous solution to (CP is real 
analytic. 

There are several serious obstacles to overcome in generalizing these re- 
sults to partially hyperbolic systems. For one, while a transitive Anosov 
diffeomorphism has a dense set of periodic orbits, a transitive partially hy- 
perbolic difFeomorphism might have no periodic orbits (for an example, one 
can take the time-t map of a transitive Anosov flow, for an appropriate 
choice of t). Hence the hypothesis appearing in part 1 can be empty: the 
vanishing of 'YlixeO ^i-^) every periodic orbit of / cannot be a complete 
invariant for solving ([1]). 

This first obstacle was addressed by Katok and Kononenko [KKj . who 
defined a new obstruction to solving equation ([1]) when / is partially hy- 
perbolic. To define this obstruction, we first define a relevant collection of 
paths in M, called su-paths, determined by a partially hyperbolic structure. 

The stable and unstable bundles and of a partially hyperbolic 
difFeomorphism are tangent to foliations, which we denote by W and 
respectively [BP]. The leaves of and W" are contractible, since they 
are increasing unions of submanifolds diffeomorphic to Euclidean space. An 
su-path in M is a concatenation of finitely many subpaths, each of which 
lies entirely in a single leaf of W or a single leaf of W". An su-loop is an 
SM-path beginning and ending at the same point. 

We say that a partially hyperbolic diffeomorphism f : M ^ M is accessi- 
ble if any point in M can be reached from any other along an sn-path. The 
accessibility class of x ^ M is the set of all y € M that can be reached from 
X along an su-path. Accessibility means that there is one accessibility class, 
which contains all points. Accessibility is a key hypothesis in most of the 
results that follow. We remark that Anosov diffeomorphisms are easily seen 
to be accessible, by the transversality of E^ and and the connectedness 
of M. 

Any finite tuple of points (xo,xi,... ,Xk) in M with the property that 
Xi and Xj+i lie in the same leaf of either or W", for z = 0,...,A; — 1, 
determines an su-path from xq to x^; if in addition Xk = x^, then the 
sequence determines an su-loop. Following [AS Vj . we call such a tuple 
(xo, xi, . . . , rcfc) an accessible sequence and if xq = x^, an accessible cycle 
(the term periodic cycle is used in |KK) ). 

For / a partially hyperbolic difFeomorphism, there is a naturally-defined 
periodic cycles functional 

PCF: {accessible sequences} x C"(M) R. 
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which was introduced in [KK] as an obstruction to solving ([T]). For x € M 
and x' € W^{x), we define: 

oo 

PCF(^,y)ct> = Y.<^{r\x)) - <f>{f-\x')), 
1=1 

and for x' G we define: 

oo 

PCF(^,y)^ = ^4>{f{x')) - ^{f{x)). 

1=0 

The convergence of these series fohows from the Holder continuity of (f> 
and the expansion/contraction properties of the bundles -E" and E^. This 
definition then extends to accessible sequences by setting PCFi^xo,...,x^:)4' = 

Assuming a hypothesis on / called local accessibilityj, [KK] proved that 
the closely related relative cohomological equation: 

(2) (/> = ^> o / - $ + c, 

has a solution $ : M — > M and c € M, with <I> continuous, if and only if 
PCF^{(j)) = 0, for every accessible cycle 7. 

The local accessibility hypothesis in |KK) has been verified only for very 
special classes of partially hyperbolic systems, and it is not known whether 
there exist C^-open sets of locally accessible diffeomorphisms, or more gen- 
erally, whether accessibility implies local accessibility (although this seems 
unlikely). Assuming the strong hypothesis that E^ and E'^ are C°° bundles, 
[KKj also showed that a continuous transfer function for a C°° coboundary 
is always . 

In the first part of our main result. Theorem [Aj part I below, we show 
that the local accessibility hypothesis in [KKj can be replaced simply by 
accessibility. Accessibility is known to hold for a open and dense subset 
of all partially hyperbolic systems [DWj, is open and dense among par- 
tially hyperbolic systems with 1-dimensional center [HHUl IBHHTUj . and 
is conjectured to hold for a open and dense subset of all partially hy- 
perbolic diffeomorphisms, for all r > 1 [PSj . Thus, part I of Theorem lAl 
gives a robust counterpart of part I of Theorem 10.11 for partially hyperbolic 
diffeomorphisms . 

Another of the aforementioned major obstacles to generalizing Theo- 
rem 10.11 to the partially hyperbolic setting is that the regularity results 
in part IV fail to hold for general partially hyperbolic systems. Veech ^ 

partially hyperbolic diffeoinorphism f:M — > M is locally accessible if for every 
compact subset Mi C M there exists fc > 1 such that for any e > 0, there exists 5 > 
that for every x,x' G Ai with x £ Mi and d{x,x') < 5, there is an accessible sequence 
{x — xo, . . . , Xk = x') from x to x' satisfying 

d{xi,x)<e, and dyv* {xi+i, Xi) < 2£, for i = 0, . . . , fc — 1 

where dw* denotes the distance along the W" or W" leaf common to the two points. 
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and Dolgopyat [Dj both exhibited examples of partially hyperbolic diffeo- 
morphisms (volume-preserving and ergodic) where there is a sharp drop 
in regularity from to a solution $. These examples are not accessible. 
Here we show in Theorem lAl part IV, that assuming accessibility and a C^- 
open property called strong r-bunching (which incidentally is satisfied by the 
nonaccessible examples in jVl |D] ) , there is no significant loss of regularity 
between (p and 

Part III of Theorem 10. II is the most resistant to generalization, primarily 
because a general notion of Gibbs state for a partially hyperbolic diffeo- 
morphism remains poorly understood. In the conservative setting, the most 
general result to date concerning ergodicity of for partially hyperbolic diff- 
eomorphisms is due to Burns and Wilkinson [BW2j . who show that every 
C^, volume-preserving partially hyperbolic diffeomorphism that is center- 
bunched and accessible is ergodic. Center bunching is a C^-open property 
that roughly requires that the action of Tf on E'^ be close to conformal, rel- 
ative to the expansion and contraction rates in and i?" (see Section [2]) . 
Adopting the same hypotheses as in |BW2| . we recover here the analogue 
of Theorem 10.11 part III for volume-preserving partially hyperbolic diffeo- 
morphisms. 

We now state our main result. 

Theorem A. Let f : M ^ M be partially hyperbolic and accessible, and let 
: M — > M be Holder continuous. 

I. Existence of solutions. /// is , then ^ has a continuous solution 
$ for some c gM. if and only if PCFc{(l)) = 0, for every accessible cycle C. 

II. Holder regularity of solutions. /// is C^, then every continuous 
solution to (0j is Holder continuous. 

III. Measurable rigidity. Let f be C^, center bunched, and volume- 
preserving. If there exists a measurable solution <I> to then there is a 
continuous solution ^, with ^ = <I> a.e. 

IV. Higher regularity of solutions. Let k > 2 be an integer. Suppose 
that f and cf) are both and that f is strongly r -bunched, for some r < k — 1 
or r = 1. If ^ is a continuous solution to then <I> is . 

The center bunching and strong r-bunching hypotheses in parts III and 
IV are C^-open conditions and are defined in Section [2j Theorem [A] part 
IV generalizes all known C°° Livsic regularity results for accessible partially 
hyperbolic diffeomorphisms. In particular, it applies to all time-t maps of 
Anosov flows and compact group extensions of Anosov diffeomorphisms. 
Accessibility is a open and C°° dense condition in these classes [ BWlt 
IBPWj . In dimension 3, for example, the time-1 map of any mixing Anosov 
flow is stably accessible |BPWj . unless the flow is a constant-time suspension 
of an Anosov diffeomorphism. 

We also recover the results of |Dj in the context of compact group ex- 
tensions of volume-preserving Anosov diffeomorphisms. Finally, Theorem lAl 
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also applies to all accessible, partially hyperbolic affine transformations of 
homogeneous manifolds. A direct corollary that encompasses these cases is: 

Corollary 0.2. Let f be , partially hyperbolic and accessible. Assume 
thatTf\E<^ is isometric in some continuous Riemannian metric. Letcf): M — > 
M be C°°. Suppose there exists a continuous function M ^ M such that 

(j) = ^ o f - ^. 

Then <1> is C°°. If, in addition, f preserves volume, then any measurable 
solution <I> extends to a C°° solution. 

For any such f , and any integer k > 2, there is a open neighborhood 
U of f in DiJ]^(M) such that, for any accessible g (zU, and any function 
(/.: M ^ R, if 

(f) = ^ o g - 

has a continuous solution then ^ is and also C , for all r < k — 1. 
If g also preserves volume, then any measurable solution extends to a C 
solution. 

The vanishing of the periodic cycles obstruction in Theorem [Aj part I 
turns out to be a practical method in many contexts for determining whether 
([2j) has a solution. On the one hand, this method has already been used by 
Damjanovic and Katok to establish rigidity of certain partially hyperbolic 
abelian group actions [DK2j : in this (locally accessible, algebraic) context, 
checking that the PCF obstruction vanishes reduces to questions in classical 
algebraic X-theory (see also [DKH Ni^K| ). On the other hand, for a given 



accessible partially hyperbolic system, the PCF obstruction provides an 
infinite codimension obstruction to solving ([2]), and so the generic cocycle (j) 
has no solutions to ([2]). This latter fact follows from recent work of Avila, 
Santamaria and Viana on the related question of vanishing of Lyapunov 
exponents for linear cocycles over partially hyperbolic systems (see |ASV| . 
section 9). 

As part of proof of Theorem \^ part II, we also prove that stable and 
unstable foliations of any partially hyperbolic diffeomorphism are trans- 
versely Holder continuous (Corollary 15. 3p . This extends to the setting 
the well-known fact that the stable and unstable foliations for a C^^^ par- 
tially hyperbolic diffeomorphism are transversely Holder continuous [PSWj . 
As far as we know, no previous regularity results were known for systems, 
including Anosov diffeomorphisms. 

In a forthcoming work |AVW| we will use some of the results here to 
prove rigidity theorems for partially hyperbolic diffeomorphisms and group 
actions. 

We now summarize in more detail the previous results in this area: 

• Veech [Vj studied the case when / is a partially hyperbolic toral 
automorphism and established existence and regularity results for 
solutions to ([T]). In these examples, there is a definite loss of reg- 
ularity between coboundary and transfer function. The examples 
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studied by Veech differ from those treated here in that they do not 
have the property of accessibihty (although they have the weaker 
property of essential accessibility). 

• Dolgopyat pD] studied equations ([I]) and ^ for a special class of par- 
tially hyperbolic diffeomorphisms - the compact group extensions of 
Anosov diffeomorphisms - in the case where the base map preserves 
a Gibbs state with Holder potential. Assuming rapid mixing of the 
group extension with respect to ^, ^ showed that if the coboundary 
(j) is C°°, then any transfer function ^ ^ L'^{fjL x Haar) is also C°°. 
Dolgopyat also gave an example of a partially hyperbolic diffeomor- 
phism with a C°° coboundary whose transfer map is continuous, but 
not C^. This example, like Veech's, is essentially accessible, but not 
accessible. We note that when the Gibbs measure /x is volume, then 
the rapid mixing assumption in [D] is equivalent to accessibility. 

• De la Llave |dlL2] , extended the work of [KKj to give some regularity 
results for the transfer function under strong (nongeneric) local ac- 
cessibility/regularity hypotheses on bundles. De la Llave's approach 
focuses on bootstrapping the regularity of the transfer function from 

to continuity and higher smoothness classes using the transverse 
regularity of the stable and unstable foliations in M. For this reason, 
he makes strong regularity hypotheses on this transverse regularity. 

While there are superficial similaries between these previous results and 
Theorem [XI the approach here, especially in parts II and IV, is fundamen- 
tally new and does not rely on these results. In particular, to establish reg- 
ularity of a transfer function, we take advantage of a form of self-similarity 
of its graph in the central directions of M. This self-similarity, known as C 
homogeneity is discussed in more detail in the following section. 

1. Techniques in the proof of Theorem IA\ 

The proof of parts I and III of Theorem lAl use recent work of Avila, San- 
tamaria and Viana on sections of bundles with various saturation properties. 
In [ASVj . they apply these results to show that under suitable conditions, 
matrix cocycles over partially hyperbolic systems have a nonvanishing Lya- 
punov exponent. Parts I and III of Theorem lAl are translations of some of 
the main results in [ASV] to the abelian cocycle setting. 

The regularity results in Theorem [A] - parts II and IV - comprise the 
bulk of this paper. 

To investigate the regularity of a solution $, we examine the graph of $ 
in M X M. If (/> is Holder continuous, then the stable and unstable foliations 
W and W for / lift to two "stable and unstable" foliations and of 
M X M, whose leaves are graphs of Holder continuous functions into M. These 
lifted foliations are invariant under the skew product (x, t) i— > (/(x), t+(/>(x)). 
The fact that $ satisfies the equation (p = $0/ — $ + c, for some c G M, 
implies that the graph of $ is saturated by leaves of the lifted foliations. The 
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leafwise and transverse regularity of these foliations determine the regularity 
of In the most general setting of Theorem El part II, these foliations 
are both leafwise and transversely Holder continuous, and this implies the 
Holder regularity of $ when / is accessible. 

The proof of higher regularity in part IV has two main components. We 
first describe a simplified version of the proof under an additional assumption 
on / called dynamical coherence. 

Definition 1.1. A partially hyperbolic dijfeomorphism f is dynamically co- 
herent if the distributions E"^ © E^, and E^ © E^ are integrahle, and every- 
where tangent to foliations W"^" and . 

If / is dynamically coherent, then there is also a central foliation W^, 
tangent to E'^, whose leaves are obtained by intersecting the leaves of VV^" 
and VV^**. The normally hyperbolic theory [HPS] implies that the leaves of 
VV^" are then bifoliated by the leaves of and W", and the leaves of 
are bifoliated by the leaves of and W*. 

Suppose that / is dynamically coherent and that / and satisfy the 
hypotheses of part IV of Theorem [Aj for some k > 2 and r<fc — lorr = l. 
Under these assumptions, here are the two components of the proof. The 
first part of the proof is to show that $ is uniformly C along individual 
leaves of W*, W" and W^. The second part is to employ a result of Journe 
to show that smoothness of $ along leaves of these three foliations implies 
smoothness of 

To show that $ is smooth along the leaves of and W^, we examine 
again the lifted foliations for the associated skew product. The assumption 
that (f) is implies that the leaves of these lifted foliations are (in fact, 
they are C^). This part of the proof does not require dynamical coherence 
or accessibility. 

To show that $ is smooth along leaves of the central foliation, one can 
use accessibility and strong r-bunching to show that the graph of $ over 
any central leaf W^{x) of / is C" homogeneous. More precisely, setting 
N' = W{x) X M and = {(y,^>(y)) : y G W{x)} C A^', we show that 
the manifold N is C homogeneous in N': for any two points p,q G N, 
there is a C local diffeomorphism of N' sending p to q and preserving N. 
C^-homogeneous subsets of a manifold have a remarkable property: 

Theorem 1.2. |RSS] Any locally compact subset N of a manifold N' 
that is homogeneous in N' is a submanifold of N' 

If r = 1, we can apply this result to obtain that the graph of <I> is 
over any center manifold. Hence <I> is over center, stable, and unstable 
leaves, which implies that $ is C^. This completes the proof in the case 
r = 1 (assuming dynamical coherence). 

In fact we do not use the results in |RSS] in the proof of Theorem |A] but 
employ a different technique to establish smoothness, which also works for 
r > 1 and in the non-dynamically coherent case. Our methods also show: 
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Theorem B. For any integer k > 2, any homogeneous, submanifold 
of a manifold is a submanifold. 

Theorem |B] is stated in |RSSj without proof. In a recent article [S] by the 
third author of [RSS] , the problem of whether a homogeneous submani- 
fold a submanifold is stated as open for k > 1 (and conjectured to hold). 
Combining Theorems 1 1 . 2 1 and [Bl we obtain a proof of the conjecture in [S]: 

Corollary 1.3. Let k > 1 be an integer. Then any locally compact subset 
of a manifold that is homogeneous is a submanifold. 

A proof of Theorem [B] is given in [BMj under the assumption that the sub- 
manifold is homogeneous under the continuous action of a Lie group by 
diffeomorphisms. It appears that Theorem iBl is not an obvious consequence 
of Theorem 11.21 (see the remark after the proof of Lemma lT.ip . 

Returning to the proof of Theorem lA] assuming dynamical coherence and 
using Corollary 11.31 can obtain under the hypotheses of part IV that 
the graph of the transfer function <I> over each center manifold is CL^'J . With 
some more work, one can obtain that the graph of the transfer function $ 
over each center manifold is C' . A result of Journe [J] implies that for any 
r > 1 that is not an integer, and any two transverse foliations with uniformly 
C"^ leaves, if a function $ is uniformly C along the leaves of both foliations, 
then it is uniformly C. Since / is assumed to be dynamically coherent, the 
and foliations transversely subfoliate the leaves of W^'^ . Applying 
Journe's result using W'^ and W^, we obtain that $ is C along the leaves 
of yV^'^. Applying Journe's theorem again, this time with W^'^ and W", we 
obtain that <I> is C". 

We have just described a proof of part IV under the assumption that / 
is dynamically coherent. If we drop the assumption of dynamical coher- 
ence, the assertion that $ is "C along center manifolds" no longer makes 
sense, as / might not have center manifolds. One can find locally invariant 
center manifolds that are "nearly" tangent to the center distribution (as in 
[BW2j ) ■ but the argument described above does not work for these man- 
ifolds. The analysis becomes considerably more delicate and is described 
in more detail in Section [HI As one of the components in our argument, 
we prove a strengthened version of Journe's theorem (Theorem 18. 4p that 
works for plaque families as well as foliations, and replaces the assumption 
of smoothness along leaves with the existence of an "approximate r-jet" at 
the basepoint of each plaque. 

The main result that lies behind the proof of Theorem [Aj part IV is a 
saturated section theorem for fibered partially hyperbolic systems (Theo- 
rem [C]). A fibered partially hyperbolic diffeomorphism is defined on a fiber 
bundle and is also a bundle isomorphism, covering a partially hyperbolic 
diffeomorphism (see Section [9]). In this context. Theorem ICl states that un- 
der the additional hypotheses that the bundle diffeomorphism is suitably 
bunched, and the base diffeomorphism is accessible, then any continuous 
section of the bundle whose image is an accessibility class for the lifted map 
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is in fact a smooth section. Using Theorem ICl it is also possible to extend in 
part the conclusions of Theorem [A] part IV to (suitably bunched) cocycles 
taking values in other Lie groups. The details are not carried out here, but 
the reader is referred to [Ni^Tt IBWlj lAVj , where some of the relevant tech- 
nical considerations are addressed (see also the remark after the statement 
of Theorem [C] in Section [9]) . 

Theorem ICl would follow immediately if the following conjecture is correct. 

Conjecture 1.4. Let f : M ^ M be C, partially hyperbolic and r-bunched. 

Then every accessibility class for f is an injectively immersed, C subman- 
ifold of M. 

For locally compact accessibility classes, it should be possible to prove 
Conjecture [Lll using the techniques from |RSSj to show that the accessiblity 
class is a submanifold and the methods developed in this paper to show that 
the submanifold is smooth. 



2. Partial hyperbolicity and bunching conditions 

We now define the bunching hypotheses in Theorem (Aj to do so, we 
give a more precise definition of partial hyperbolicity. Let f : M ^ M 
be a diffeomorphism of a compact manifold M. We say that / is partially 
hyperbolic if the following holds. First, there is a nontrivial splitting of the 
tangent bundle, TM = (B (B i?", that is invariant under the derivative 
map Tf. Further, there is a Riemannian metric for which we can choose 
continuous positive functions v, 0, 7 and 7 with 

(3) z^, z> < 1 and < 7 < 7^"*^ < u^^ 
such that, for any unit vector v G TpM, 

(4) \\Tfv\\<u{p), ifvGE'ip), 

(5) l{p)<\\Tfv\\<^p)-\ \iv(^E%p), 

(6) i){p)-'^ <\\Tfv\l ifveE-^ip). 

We say that / is center bunched if the functions v, 7, and 7 can be 
chosen so that: 

(7) max{i/, 0} < 77. 

Center bunching means that the hyperbolicity of / dominates the non- 
conformality of Tf on the center. Inequality d?]) always holds when Tf\E<: 
is conformal. For then we have ||Tp/f|| = ||Tp/|^c(p) || for any unit vector 
V G E^ijp), and hence we can choose 7(p) slightly smaller and 7(p)^^ slightly 
bigger than 

\\Tpf\E'={p)\\- 

By doing this we may make the ratio "y{p)/jip)^^ = l{p)l{p) arbitrar- 
ily close to 1, and hence larger than both v{p) and v{p). In particular. 
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center bunching holds whenever E'^ is one-dimensional. The center bunch- 
ing hypothesis considered here is natural and appears in other contexts, e.g. 

[BPllEYllMl lNivrllNk^ . 

For r > 0, we say that / is r-bunched if the functions z^, z),7, and 7 can 
be chosen so that: 

(8) u < Y, u <Y 

(9) v < 77'', and < 77*". 

Note that every partially hyperbolic diffeomorphism is r-bunched, for 
some r > 0. The condition of 0-bunching is merely a restatement of partial 
hyperbolicity, and 1-bunching is center bunching. The first pair of inequal- 
ities in ([8]) are r-normal hyperbolicity conditions; when / is dynamically 
coherent, these inequalities ensure that the leaves of W^", , and 
are C. Combined with the first group of inequalities, the second group of 
inequalities imply that and are "C^ in the direction of More 
precisely, in the case that / is dynamically coherent, the r-bunching inqual- 
ities imply that the restriction of E"^ to W^" leaves is a bundle and the 
restriction of E'^ to leaves is a bundle. 

For r > 0, we say that / is strongly r-bunched if the functions v, 7, and 
7 can be chosen so that: 

(10) max{z^, z>} < 7'', max{z^, z>} < 7'' 

(11) ly < 77*", and u < 77*". 

We remark that if / is partially hyperbolic and there exists a Riemannian 
metric in which Tf\E<: is isometric, then / is strongly r-bunched, for every 
r > 0; given a metric || • || for which / satisfies and another metric || • ||' 
in which T/I^jc is isometric, it is a straighforward exercise to construct a 
Riemannian metric || • ||" for which inequalities (llOp hold, with 7 = 7=1. 

The reason strong r-bunching appears as a hypothesis in Theorem |A] is 
the following. Suppose that / is partially hyperbolic and that (p: M — > R is 
Then the skew product f^: M x M/Z ^ M x R/Z given by 

U{x,t) = {f{x),t + <p{x)) 

is partially hyperbolic, and if / is strongly r-bunched then is r-bunched. 
This skew product and the corresponding lifted skew product on M x M 
appears in a central way in our analysis, as we explain in the following 
section. 

2.1. Notation. Let a and b be real- valued functions, with b ^ 0. The 
notation a = 0{b) means that the ratio \a/b\ is bounded above, and a = ^l{b) 
means \a/b\ is bounded below; a = Q(b) means that \a/b\ is bounded above 
and below. Finally, a = o{b) means that \a/b\ — > as 6 — > 0. Usually a 
and b will depend on either an integer j or a real number t and on one or 
more points in M. The constant C bounding the appropriate ratios must 
be independent of n or t and the choice of the points. 
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The notation a < (3, where a and (3 are continuous functions, means that 
the inequahty holds pointwise, and the function min{a, /?} takes the value 
mm{a{p), P{p)} at the point p. 

We denote the Euclidean norm by | ■ | . If X is a metric space and r > and 
X G X, the notation Bx{x,r) denotes the open ball about x of radius r. If 
the subscript is omitted, then the ball is understood to be in M. Throughout 
the paper, r always denotes a real number and j, k, i, m, n always denote 
integers. / denotes the interval (—1, 1) C M, and C M" the n-fold product. 

If 7i and 72 are paths in M, then 71 • 72 denotes the concatenated path, 
and 7x denotes the reverse path. 

Suppose that J- is a. foliation of an m-manifold M with d-dimensional 
smooth leaves. For r > 0, we denote by J-{x,r) the connected component 
of X in the intersection of J-{x) with the ball B{x,r). 

A foliation box for T is the image U of M™'"'^ x M*^ under a homeomorphism 
that sends each vertical M'^-slice into a leaf of T . The images of the vertical 
M'^-slices will be called local leaves of T in U. 

A smooth transversal to .7-" in [/ is a smooth codimension-d disk in U that 
intersects each local leaf in U exactly once and whose tangent bundle is 
uniformly transverse to TJ^. If Si and S2 are two smooth transversals to 
in U, we have the holonomy map hjr : Si S2, which takes a point in Si 
to the intersection of its local leaf in U with S2. 

Finally, for r > 1 a nonintegral real number, M, N smooth manifolds, the 
metric on C^i^M, N) is defined in local charts by: 

dcrif,9) = dcin {f,g) + dcoiD^'y,D^^ig). 
This metric generates the (weak) topology on C' {M, N). 

3. The partially hyperbolic skew product associated to a 

COCYCLE 

Let / : M ^ M be C'' and partially hyperbohc and let (p : M R he 
C^'", for some integer £ > and a € [0, 1], with < £ + a < k. Define the 
skew product /^:MxM^MxM by 

UiP,t) = {f{p),t + ^{p)). 

The following proposition is the starting point for our proof of TheoremlAl 

Proposition 3.1. There exist foliations W^, o/MxR with the following 
properties. 

(1) The leaves o/>V;,W^ are C^'". 

(2) The leaves of project to leaves of W", and the leaves of 
project to leaves o/W. Moreover, {x',t') € W^{x,t) if and only if 
x' € W{x) and 

liminfd(/;(x,i),/;(a;',O)=0. 
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(3) Define T:RxM^RxMby Tt{z,s) = {z,s + t). Then for all 
z € M and s,t £ M; 

W'4z,s + t) = TtW'^iz,s). 

(4) If{x,t) e M xR and {x',t') G Wl^{x,t), then 

oo 

t'-t = Y, Hfix')) - (x)) = pcF(^,^,,)<t>, 

2 = 

and if{x',t') G W'^{x,t), then 

CO 

t'-t = Y, Hr\x)) - ct>{f-\x')) = PCF(^,^,,^cj,. 

i=l 

Proof. The map f^j, covers the map i— > {f{x),t + <j){x)) on the compact 
manifold M x M/Z, which we also denote by 

In the case where ^ > 1, ([T]) and ^ follow directly from the fact that f^ 
is C^'" and partially hyperbolic. The invariant foliations on M x M/Z lift 
to invariant foliations on M x R. 

For i = 0, ^ and ^ are the content of Proposition 15.11 which is proved 
in Section [5l 

Since o = o Tf for all t G M, (l3|) follows easily from ([2]). Finally, 
(HD is an easy consequence of ([H]). o 

Throughout the rest of the paper, we will mine extensively the properties 
of the foliations and W^: the regularity of the leaves, their transverse 
regularity, and their accessibility properties. 

This focus on the lifted foliations W| and is not entirely new. Notably, 
Nitica and Torok |Ni^T| established the regularity of solutions to equation 
([2]) when / is an Anosov diffeomorphism by examining these lifted foliations. 
The key observation in |Ni^T| is that the smoothness of the leaves o/ W| and 
determines the smoothness of the transfer function along the leaves of 
and W". The advantage of the approach in |Ni^T| is that it allowed 
them to prove a natural generalization of Theorem 10.11 to cocycles taking 
values in nonabelian lie groups; provided that the induced skew product for 
such a cocycle is partially hyperbolic, the smoothness of the lifted invariant 
foliations determines the smoothness of transfer functions when / is Anosov. 
This focus on the foliations for the skew product associated to the cocycle 
turns out to be crucial in our setting. 

4. Saturated sections of admissible bundles 

In this section, we define a key property called saturation and present some 
general results about saturated sections of bundles. In the next section, we 
apply these results in the setting of abelian cocycles to prove parts I and 
III of Theorem El Throughout this section, / : M — > M denotes a partially 
hyperbolic diffeomorphism. 
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Let be a manifold, and let tt: i3 ^ M be a fiber bundle, with fiber 
N. We say that B is admissible if there exist foliations Wj^ft, Wi"ft of B (not 
necessarily with smooth leaves) such that, for every z G B and * G {s,u}, 
the restriction of vr to yV*^f^{z) is a homeomorphism onto VV*(7r(2;)). 

A more general definition of admissibility for more general bundles in 
terms of holonomy maps is given in |ASVj : we remark that two definitions 
are equivalent in this context. If vr: ;B ^ M is an admissible bundle, then 
given any su-path 7: [0, 1] ^ M and any point z G 7r~^(7(0)), there is a 
unique path 7^ : [0,1] — > S such that: 

• 7.(0) = z, 

• 72 is a concatenation of finitely many subpaths, each of which lies 
entirely in a single leaf of Witft , or Wifft ■ 

We call 72 an su-lift path and say that 7^ is an su-lift loop if 72(0) = 72(1) = 
z. For a fixed su-path 7, the map H^: 7r~^(7(0)) — > 7r~-^(7(l)) that sends 
z G 71^^(7(0)) to 72(1) G 7r~^(7(l)) is a homeomorphism. It is easy to see 
that ~ o -f^7i and iJy = ^. 

Recall that any accessible sequence S = (xi, . . . ,3;^) determines an su- 
path 75. We fix the convention that 75 is a concatenation of leafwise 
distance-minimizing arcs, each lying in an alternating sequences of single 
leaves of W or W". Using this identification, we define the holonomy 
Hs- T^~^{xi) TT~^{xk) by setting = H^^; since the leaves of W^, W^, 
yV"ft, and Wj^ft are all contractible, Hg is well-defined. 

Definition 4.1. Let tt: B ^ M be an admissible bundle. A section a: M ^ 
B is: 

• u-saturated if for every z G a{M) we have W;"j((2;) C cr{M), 

• s-saturated if for every z G a{M) we have Wf^fl{z) C o'(M), 

• bisaturated if a is both u- and s-saturated, and 

• bi essentially saturated if there exist sections a" (u-saturated) and 
cr* (s-saturated) such that 

= = a a.e. (volume on M) 

It follows from the preceding discussion that if cr : M ^ is a bisaturated 
section, then for any x G M, for any accessible sequence S, from x to x' , we 
have Hs{a{x)) = a{x'). 

Theorem 4.2. [ASVj Let f : M ^ M be and partially hyperbolic, let 
tt: B ^ M be an admissible bundle over M , and let a: M ^ B be a section. 

(1) If a is bisaturated, and f is accessible, then a is continuous. 

(2) If f is and center bunched, and a is bi essentially saturated, then 
there exists a bisaturated section a^" such that a = cx^" a.e. (with 
respect to volume on M) 

Since we will use a proposition from the proof of Theorem 14.21 ([1]) in our 
later arguments, we give a sketch of the proof here, including a statement 
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of the key proposition (Proposition 14.31 below). We remark that the proof 
of ([2]) adapts techniques from |BW2j . where it is shown that if / is and 
center bunched, then any bi essentially saturated subset of M is essentially 
bisaturated; in effect, this is just Theorem l4.2l for the bundle ;S = M x {0, 1}, 
with Wl,,{x,j) = W*{x) X {j}, for j e {0, 1}. 

Sketch of proof of Theorem \^.S\ (Op. We give a slightly modified version of 
the proof in [ ASV| . as we will need the results here in later sections. The 
key proposition in the proof is: 

Proposition 4.3 ( [ASVj . Proposition 8.3). Suppose that f is accessible. 
Then for every xq G M, there exists w € M and an accessible sequence 
{yo{w), . . . ,yk{w)) connecting xq to w and satisfying the following property: 
for any e > 0, there exist 5 > and L > such that, for every z £ Bm^w, 6), 
there exists an accessible sequence {yo{z), . . . yxiz)) connecting xq to z and 
such that 

dM{yj{z),yj{w)) < £ and dw{yj^i{z),yj{z)) < L, for j = l,...,K, 

where dyy* denotes the distance along the stable or unstable leaf common to 
the two points. 

For K € Z+ and L > 0, we say that S is an {K, L)- accessible sequence if 
S = (xq, . . . , xk) and 

dw*(xj_i,Xj) < L, for j = l,...,K, 

where dw* denotes the distance along the stable or unstable leaf common 
to the two points. 

If {Sy = (xo(y), . . . , XKiy))}y£U is a family of {K, L) accessible sequences 
in U and x £ U, we say that liuiy^x Sy = Sx if 

lim Xj(y) = Xj(x), for j = 0,...K, 

and we say that y Sy is uniformly continuous on {/ if y i-^ Xjiv) is 
uniformly continuous, for j = 0, . . . , K. An accessible cycle {xq, . . . , X2k = 
Xq) is palindromic if Xi = X2k-i, for i = 1, . . . ,k. Note that a palindromic 
accessible cycle determines an su-path of the form rj -r]; in particular, if S 
is a palindromic accessible cycle from x to x , then Hg is the identity map 
on 7r~-'^(x). 

The following lemma is stronger than we need for the proof of part (1) of 
Theorem 14.21 but will be used in later sections. 

Lemma 4.4. Let f be accessible. There exist K E "L^, L > and 6 > 
such that for every x £ M there is a family of {K,L)- accessible sequences 
{Sx,y}yeBM(x,S) that Sx,y connects x to y, Sx,x is a palindromic acces- 
sible cycle and liniy^x Sx^y = Sx^x- The convergence Sx^y — »■ Sx^x is uniform 
in X. 

Proof of Lemma \4.4\ Fix an arbitrary point xq € M. Proposition 14.31 gives 
a point w £ M, a neighborhood Uua of w, and a family of (Kq, Lq) -accessible 
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sequences {{yo{w'), . . ■ ,yKo{w'))}w'eUu, ™ch that {yo{w'), . . .,yKo{w')) con- 
nects xo to w', and {yoiw'), ... , yKo{w')) {yo{w), ■■■ , VKoiw)) uniformly 
in w' £ Uw 

Lemma 4.5 (Accessibility implies uniform accessibility). Let f be accessi- 
ble. There exist constants Km,Lm such that any two points x,x' in M can 
be connected by an (Km, Lm)- accessible sequence. 

Proof of Lemma \4.5\ First note that, since any point in Uw can be connected 
to Xo by an (i^o, -^^o)-accessible sequence, we can connect any two points in 
Uw by a (2iiro, Lo)-accessible sequence. 

Consider an arbitrary point p G M and let (p = qo, qi, . . . , qxp = w) be 
an (i^p, Lp)-accessible sequence connecting p and w. Continuity of W** and 
W" implies that there is a neighborhood Vp oi p and a family of {Kp, Lp)- 
accessible sequences {{p' = qo{p'),Qi{p'), ■ ■ ■ ,qKp{p'))}p'eVp with the prop- 
erty that p' I— > {qo{p'), ■ ■ ■ ,QKp{p')) is uniformly continuous on Vp, and the 
map p' I— > qKpip') sends Vp into Uw and p to w. It easily follows that any 
two points in Vp can be connected by an (Kq + 2Ky,LQ + Lj;)-accessible 
sequence. Covering M by neighborhoods Vp, and extracting a finite sub- 
cover, we obtain by concatenating accessible sequences that there exist con- 
stants Km, Lm such that any two points x, x' in M can be connected by an 
(i^Af; -^M)-accessible sequence, o 

Returning to the proof of Lemma 14.41 we now fix a point x € M, and 
let {x = zq, zi, . . . , zkm — be an {Km, LA/)-accessible sequence connect- 
ing X to w. As above, there exists a neighborood Vx oi x and a family 
of (ETm , -^^M)-accessible sequences {(x' = zq{x'), zi{x'), . . . , ZKM(.^'))}x'eVx 
with the property that the map 

x' ^ {zo{x'), . . .,zkm{x')) 

is uniformly continuous on Vx, and the map x' zkm{^') sends Vx into Uyj 
and X to w. 

For x' G Vx, we define Sx^x> by concatenating the accessible sequences 
(x = zq{x),zi{x), . . . ,zkm{x) = w), {w = yKo(w), • • .,yo{w) = Xo), (xo = 
yoizKMi^'))^ ■ ■ ■ ^VKoizKMi^')) = zkm{x')) and {zkm{x'), ■ ■ ■ , zo{x') = x'). 
Then {Sx,x'}x>&Vx is a family of (K, L)-accessible sequences with the prop- 
erty that Sx^x' connects x to x', where K = 2Kq + 2Km and L = Lq + Lm- 

Since x' i-^ {zq{x'), . . . , zkm^'^')) is uniformly continuous on Vx, and 

lim iyQiw'),. . . ,yKo{w')) = {yo{w), . . . ,yKo{w)), 

w'—i-w 

we obtain that limx'^x<Sx,x' = Sx^x- By construction, Sx^x is palindromic. 

Finally, observe that all of the steps in this construction are uniform over 
X, and so we can choose (5 > such that Bm{x,6) C Vx, for all x, and 
further, lim^^'^x Sx^x/ = Sx,x uniformly in x. This completes the proof of 
Lemma 14.41 o 
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Returning to the proof of Theorem 14.21 part ([T]), fix a point x € M, and 
let {Sx,x'}x'eBM{x,5) be the family of accessible paths given by Lemma [44l 
Since limr' 

— x^ — ^X X 

and the lifted foliations are continuous, it follows 

that 

uniformly on compact sets. Since Sx^x is palindromic, we have Hs^ ,^ = 

id\Tr--^(x)- 

Let a: M — > be a bisaturated section. Then for any accessible sequence 
S from X to x', we have Hs{a{x)) = a{x'). But then 

lim a{x') = lim (ct(x)) = Hs^,Sa{x)) = o-(x), 

x'^x x'^x 

which shows that a is continuous at x. o 

Proposition 4.6 (Criterion for existence of bisaturated section). Let f be 

, partially hyperbolic and accessible, and letir: B M be admissible. Let 
z € B and let x = vr(z). Then there exists a bisaturated section a: M ^ B 
with cr{x) = z if and only if for every su-loop j in M with 7(0) = 7(1) = x, 
the lift 72 is an su-lift loop (with 7z(0) = 72(1) = z). 

Proof. We first prove the "if" part of the proposition. Define o" : M ^ ;B as 
follows. We first set cr(x) = z. For each x' S M, fix an su-path 7: [0, 1] — > M 
from X to x'. Since B is an admissible bundle, 7 lifts to a path 7^ : [0, 1] ^ B 
along the leaves of >Vi*ft and Wi^ft with 72(0) = z. We set a{x') = 72(1). 
Clearly Tra{x') = x' . 

We first check that a is well-defined. Suppose that 7': [0,1] ^ M is 
another su-path from x to x'. Concatenating 7 with 7', we obtain an su- 
loop 77' from X to X. By the hypotheses, the lift of 77' through z is an 
su-lift loop in B. But this implies that 72(1) = 72(1)- 

The same argument shows that a is bisaturated. Fix y £ M and let 
y' G >V^(y). We claim that cr{y') G >Vifft((T(?/)). To see this, fix two sn-paths 
in M, one from x to y, and one from x to y'. Concatenating these paths 
with a path from y to y' along W(y), we obtain an su-loop 7 through x. 
By hypothesis, the lift 72 is a lifted su-loop. It is easy to see that this means 
that cr(y') € Wf^f^{a{y)). Hence a is s-saturated. Similarly, a is u-saturated, 
and so a is bisaturated. 

The "only if" part of the proposition is straightforward, o 

Remark: Upon careful inspection of the proofs in this subsection, one sees 
that the existence of foliations Wf^f^ and Wi^ft is not an essential component 
of the arguments. For example, instead of assuming the existence of these 
foliations, one might instead assume (in the context where is a smooth 
fiber bundle) the existence of i?" and E'^ connections on B, that is, the 
existence of subbundles E'^ and E^ of TB, disjoint from ker Tvr, that project 
to E^ and E'^ under Tvr. In this context, at least when E^ and E^ are 
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smooth, there is a natural notion of a bisaturated section. In particular, for 
every us-path 7 in M and z G 7r~-'^(7(0)), there is a unique lift 7^ to a path 
in projecting to 7 and everywhere tangent to E"^ or E'^. Bisaturation 
of a in this context means that for every sn-path 7 from x to x', one has 
7o-(x)(l) = ^"(x'). The same proof as above shows that a bisaturated section 
in this sense is also continuous. 

For this reason, |ASV] introduce the notions of hi- continuous and hi- 
essentially continuous sections, which extract the essential properties of a 
bisaturated section used in the proof of Theorem [321 While we have no need 
for this more general notion here, it is worth observing that bi-continuity 
might have applications in closely related contexts. 

4.1. Saturated cocycles: proof of Theorem lA\ parts I and III. We 

now translate the previous results into the context of abelian cocycles. Let 
(/) : M — > R be such a cocycle, and let i3 = M x M be the trivial bundle with 
fiber M. Then B is an admissible bundle; we define the lifted foliations VVi*ft, 
* G {s, u} to be the /^-invariant foliations given by Proposition 13.11 
There is a natural identification between functions $ : M — > R and sections 
(T$ : M ^ B via a<^{x) = (x, <I>(x)). Definition 14 . 1 1 then extends to functions 
$ : M ^ M in the obvious way, where saturation is defined with respect to 
the W^-fohations. 

Proposition 4.7. Suppose that f is partially hyperbolic and (j) is Holder 
continuous. 

(1) Assume that f is accessible, and /et <1> : M — > M 6e continuous. Then 
there exists c G M such that 

(12) <^ = ^>o/-$ + c, 

if and only if $ bisaturated. 

(2) // / is volume-preserving and ergodic, and ^ : M is a measur- 
able function satisfying (m-a.e.), for some c G M, then <I> is bi 
essentially saturated. 

Proof. ([1]) Suppose that <I> is a continuous solution to (|12p . Then (jl2p implies 
that for all x £ M and all n, we have: 

/;(x,$(x)) = (r(x),<l>(r(x))+cn). 

Let x' G W'ix). Then 

liminfd(/;(x,i),/;(x',0) = 

hm d((r(x),<i>(r(x))),(r(x'),i>(r(x')))) = 0, 

n— >oo 

and so (x, $(x)), (x', <I>(x')) lie on the same leaf. This implies that $ is 
s-saturated. Similarly <I> is n-saturated, and hence bisaturated. 

Suppose on the other hand that <I> is continuous and bisaturated. Define 
a function c: M — > R by c(x) = (p{x) — <I>(/(x)) + <I>(x). We want to show 
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that c is a constant function. Proposition 13. 11 ^ implies that, for all z € M 
and s,t eM: 

(13) W'^iz,s + t)=TtW'^iz,s). 

Suppose that y G W*(x). Saturation of ^ and /^-invariance of W|, 
imply that: 

(14) >V^(/(x),a>(/(x)))=>V^(/(2/),cI>(/(y))), and 

(15) Ui^'^ix, ^x))) = Uiwiiv, Hy)))- 

On the other hand, invariance of the W^-foliation under implies that, for 
all z G M: 

= Wl{f{zl ^{f{z)) + {^[z) - ^{f{z)) + ct>{z))) 

= T^(z)-Hm)+H^) (>V|(/(z),<^(/(z)))) . 

Equations (jl4p and (jl3p now imply that 

<I>(x) - ^f{x)) + (fix) = Hy) - Hfiy)) + 0(y); 

in other words, c(x) = c{y). Hence the function c is constant along W*- 
leaves; similarly, c is constant along >V"-leaves. Accessibility implies that c 
is constant. Hence ^ and c satisfy ([2]). 

Q Let <I> be a measurable solution to (fT2|) . We may assume that (fT2]) 
holds on an /-invariant set of full volume; for points in this set, we have 

for all n. 

Choose a compact set C C M such that vol(C) > .5vol(M), on which 
$ is uniformly continuous. Ergodicity of / and absolute continuity of W 
implies that for almost every x S M, and almost every x' S W^(x), the pair 
of points X and x' will visit C simultaneously for a positive density set of 
times. For such a pair of points x,x' we have 

liminfd(/;(x,i),/;(a;',t')) = 

iiminfd((r(x),$(r(x))),(r(x'),^(r(^')))) = o, 

and so (x, $(x)), (x' , ^(x')) lie on the same leaf. This implies that $ is 
essentially s-saturated: one defines the s-saturate of <I> at (almost every) 
X to be equal to the almost-everywhere constant value of ^ on W^{x) (see 
[NicP] for a version of this argument when / is Anosov). 

Similarly $ is essentially u-saturated, and hence bi essentially saturated. 

o 
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Proof of Theorem HI po-rt I. Let / be and accessible and let cf) : M W 
be Holder continuous. Part I of Theorem El asserts that there exists a 
continuous function M — > M and c S M satisfying ([2]) if and only if 
PCFc{(l)) = 0, for every accessible cycle C. 
We start with a lemma: 

Lemma 4.8. Let 7 be an su-loop corresponding to the accessible cycle C. 
Then PCFc{(j)) = if and only i/ every lift ofj to an su-lift path m M x M 
is an su-lift loop. 

Proof of Lemma \4-^ Let x G M Proposition 13.11 part ^ implies that if 
C = (xq, . . . ,Xk = xq) is an accessible cycle, then for any t € M 

fc-i 

i=0 

Let 7 be an su-loop corresponding to C. Then for any t € M, H-yit) — t = 
PCFc{4>) 

Fix t G R, and let 7t = '^xo,t ■ [0, 1] ^ M x M be the su-lift path projecting 
to 7, with 7^(0) = ixo,t). Then 7^(1) = ixo,H^it)) = (xq, t+PCFc (</))= 0). 
Thus PCFc{(j)) = if and only if 74(1) = t if and only if 7^ is an su-lift loop. 
Since t was arbitrary, we obtain that PCFc{4') = if and only if every lift 
of 7 to an su-lift path is an su-lift loop, o 

By Proposition 14.61 and Lemma 14.81 if PCFc{(t)) = 0, for every acces- 
sible cycle C, then there exists a bisaturated function ^ : M ^ M x R. 
Theorem 14. 2 1 part (1), plus accessibility of / implies that $ is continuous. 
Proposition 14.71 implies that there exists a c G M such that (jl2p holds. 

On the other hand, if $ is continuous and there exists a c G M such 
that (fT2|) holds, then Proposition 14.71 (part [1]) implies that <I> is bisatu- 
rated. Proposition 14.61 and Lemma 14.81 implv that PCFc{(j)) = 0, for every 
accessible cycle C. o 



Proof of Part III of Theorem B. Assume that / is C^, volume-preserving, 
center bunched and accessible. Let $ be a measurable solution to ([2]), for 
some c G M. We prove that there exists a continuous function ^ satisfying 
$ = $ almost everywhere. 

Since / is center bunched and accessible, it is ergodic, by ( (BW2] . Theo- 
rem 0.1). Proposition 14. 71 part Q implies that $ is bi essentially saturated. 
Theorem 14. 2( part (2) then implies that $ is essentially bisaturated, which 
means there exists a bisaturated function with $ = $ a.e. Since / is 
accessible. Theorem 14. 2| part (1) then implies that 4> is continuous, o 
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5. Holder regularity: proof of Theorem lAl part II. 

Let /: M — > M be partially hyperbolic and let (p: M ^ Mhe a-H61der 
continuous, for some q > 0. As above, define the skew product f^j,: M x R — > 
M X M by 

UiP^t) = {f{p),t + (t>{p)). 

We start with a standard proposition showing that the stable and unstable 
foliations for / lift to invariant stable and unstable foliations for Z,^. 

Proposition 5.1. There exist foliations W^, o/MxM with the following 
properties. 

(1) The leaves of yV^,W^ are a-Holder continuous. 

(2) The leaves of project to leaves of W", and the leaves of 
project to leaves ofW^. Moreover, {x',t') G W^{x,t) if and only if 
x' G W^{x) and 

liminfd(/;(x,t),/;(x',O)=0. 

n— >oo ^ ^ 

Proof. This result is by now standard (see |Ni^T| ), although strictly speak- 
ing, the proof appears in the literature only under a stronger partial hy- 
perbolicity assumption (in which the functions v, u, 7, 7 are assumed to be 
constant). We sketch the proof under the slightly weaker hypotheses stated 
here. 

For X e M, let = {g: >V"(x,<5) ^ R : g e C'',g{x) = 0}. The 
number (5 > is chosen so that for all x € M, if y S W^{x,6), then 
d{f{x),f{y)) > v{x)~^d{x,y). Notice that the function ip{y) = 4>{y) — 4>{x) 
belongs to Qx- The a-norm of an element 5 € is defined: 

\9{y)\ 

— sup 



s/GW"(x,5) d{x,y)°' 

The bundle Q over M with fiber over x G M has the structure of a Banach 
bundle. The fiber is modelled on the Banach space B = {g: B^u(0,6) — > 
R: g e C",c/(0) = 0}, with the norm 

II II \9{v)\ 
\\g\\a = sup -j— j — . 

The restriction of / to W"-leaves sends W^{x,6) onto W^{f{x),L'{x)~^5), 
which contains W"(/(x), (5). On VV"(x) x M, the map takes the form 
f<f>{P-,t) = U{p)i't + ^{p))i ™d the induced graph transform map : Qx ^ 
Gf^x) takes the form: Tx{g){y) = gif-^y)) + HrHv)) " Hf^x))- 
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Suppose that \\g\\a < C. Then 

\%i9){z)\ 



\%{9)\a = sup 

^ \g{v) + Hy) - 4>{x)\ 

suD , \m-^{y))\ 

<i(/(a^). /(!/))" <i(/(i), /(!/))» 

< z>(xr(ii5iu + i0-<A(x)u) 

< z>(x)"(C + i^) < C7, 

provided that C is larger than sup^, K/{\ — v{x)). 

Hence the closed sets Gx{C) = {g £ Gx '■ \\g\\a < C} are preserved by the 
maps Tx. Next we show that is a contraction in the a- norm. To this end, 
let g,g' eg^iC). Then 

\\%{g) - %ig )\\a = sup 

^ Igjy) + Hy) - H^) - {g'{y) + (t^jy) - (t>{x))\ 

y&w-(x,5) d{f{x)J{y)Y 

^ \g{y) -g'{y)\ 

d{f{x)J{y)Y 

< i'{x)°'\\g - g'Wa. 

The invariant section theorem ( |HPS| . Theorem 3.1) now implies that there 
is a unique T- invariant section a : M ^ GxiC). It is easy to check that the 
set W^{p,t) = {{y,t + (Jp{y)) : y € W^{p,6)} is a local unstable manifold 
for ffj,. The rest of the proof is standard, o 

Fix a foliation box U for W*. For any two smooth transversals S, S' in 
U, there is the W'^-holonomy map from S to T,' that sends x £ S to the 
unique point of intersection x' between VV^(x) and T,'. For any such 
there is also a well-defined W^-holonomy between S x M and S' x M, sending 
G S X M to the unique point of intersection {x',t') between W|(x,t) 
and E' x M. Since the leaves lift to W^-leaves, the holonomy covers 
the holonomy under the natural projection. 

Proposition 5.2. Suppose that f is and (f) is a-Holder continuous, for 
some a G (0, 1] . Then the W| and holonomy maps are uniformly Holder 
continuous. Any 9 G (0, a] satisfying the pointwise inequalities: 

(16) 1/ < {ujlf/" and uj-^ < {ufif/" 
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is a Holder exponent for the VV| holonomy, where z^, 7, /i : M — > M are 
any continuous functions satisfying, for every p ^ M and any unit vector 
V G TpM: 

V G E\p) \\Tpfv\\ < u{p), V e E'{p) ^ 7(p) < \\Tpfv\\, 

and 

V e E^{p) ^ \\Tpfv\\ < fi{p)-\ 

for some Riemannian metric. 

By considering the trivial (constant) cocycle, we also obtain: 

Corollary 5.3. The stable holonomy maps for a partially hyperbolic 
diffeomorphism f are uniformly Holder continuous. Any 9 £ (0, 1] satisfying 

V < (ufi^^)^ and u-f^^ < {ufT^)^ 

is a Holder exponent for the stable holonomy, where v, 7, fi are defined as in 
Proposition \5.SX 

Remark: In ( |PSWj . Theorem A) it is shown that the holonomy maps 
for W" and W'^ are Holder continuous if / is at least (or C^~^°^, for 
some a > 0). The proof in [PSWj uses a graph transform argument and 
an invariant section theorem to show that the plaques of W" and form 
a Holder continuous family. Here in the proof of Proposition 13.11 as in the 
first part of the proof in [PSWj . we have exhibited the plaques of as 
an invariant section of a fiber-contracting bundle map T. It is not possible, 
however, to carry over the rest of the proof in [PSWj to this setting: the 
low regularity of T prevents one from using a Holder section theorem to 
conclude that the invariant section is Holder continuous. 

Hence we employ a different approach to prove that the holonomy maps 
are Holder continuous. The proof here has some similarities with the proof 
that stable foliations are absolutely continuous. We fix two transversals r 
and t' to and a pair of points x,y £ t. We iterate the picture forward 
until /^(t) and f^ij') are very close and then push f^{x) and f^{y) across 
a short distance to points f^{x'), f^{y') G (''"')• The points x',y' are 
the images of x, y under yV^-holonomy; the iterate n is chosen carefully so 
that the distance between x and y can be compared to some power of the 
distance between x' and y' . Unlike the proof of absolute continuity of stable 
foliations, in which n is chosen arbitrarily large, the choice of n is delicate 
and depends on the distance between x and y. We will employ this type of 
argument again in later sections. 

As a final remark, we note that for every partially hyperbolic diffeomor- 
phism / and every Holder continuous cocycle (p, there is a choice of 6 > 
satisfying (I16p . for some Riemannian metric. 
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Proof of Proposition \5.2l In this proof, we will use the convention that if q 
is a point in M and j is an integer, then qj denotes the point f-'{q), with 
qo = Q- If a : M ^ R is a positive function, and j > 1 is an integer, we set 

aj{p) = a{p)a{pi) ■ ■ ■ a(pj-i), 

and 

a-j{p) = a{p^j)~^a{p^j+i)~^ ■ ■ ■ a(p_i)~^ 

We set ao{p) = 1- Observe that aj is a multiplicative cocycle; in particular, 
we have a-j{p)~^ = aj{p-j). Note also that {aP)j = aj/3j, and if a is a 
constant function, then On = ct"'. 

Fix 6 € (0, a] satisfying (116p . Next, fix a continuous positive function 
p: M ^ satisfying: 

• p < min{l,7}, and 

We say that a smooth transversal T, to W is admissible if the angle between 
TT, and is at least 7r/4. 

The next lemma follows from an elementary inductive argument and con- 
tinuity of the functions v, jl and p (cf. |BW2j . Lemma 1.1). 

Lemma 5.4. There exists 5q > Q such that for any p € M , and for any 
p' £W'ip,6o): 

(1) for any i > 0, 

d{Pi,p'i) < Mp)d{p,p'); 

(2) for any admissible transversal S' to at p' , and any point q' € S', 
if d{p'ii q'i) <So, fori = l,..., n, then 

Pi{p)d{p,q) < d{p[,q[) < fii{py^d{p' ,q'), 

for i = 1, . . . , n. 

Let 5o > be given by this lemma; by rescaling the metric, we may assume 
that (5o = 1. Fix p £ M and p' G W^{p, 1). Let S and E' be admissible 
transversals to W, with p G S and p' G S', so that the W*-holonomy 
h" : ^ S', with = p' is well-defined. Let r = S x M, and let 

r' = S' X M. Fix g G S with d{p, q) < 1, and let q' = h'{q). 

For {z,t) G M X R and n > 0, write (zn,*n) for f^{z,t). We introduce 

the notation Sn4>{z) = X]r==o^ '^(-^«)' ^'^'^ ^'^^^ 'S'i'/'(-2) = (piz)- With 
these notations, we have {zn,tn) = {zn,t + Sn(p{z))- Denote hy h^: S x M — > 
E X M the W^-holonomy, which covers the map /i*. We first establish Holder 
continuity of the base holonomy map : S — > S'. 

Since v < fi~^, there exists an n so that d{p,q) = Q{vn{p)lj'n{p))', fix 
such an n. Lemma 15.41 applied in the transversal S implies that d{pi,qi) < 
fLi{p)~^d{p, q) < 0{un{p)), for i = 1, . . . , n. 

On the other hand, since p' G W^{p,l), we have d{pi,p^) < 0{ui), for 
all i; in particular, d{pn,Pn) ^ 0{vn)- Similarly, {qn,q'n) ^ 0{i'n). By the 
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triangle inequality, we have that 

d{Pn,q'n) < d{pn,qn) + d{pn,Pn)+d{qn,qn) 

= oiMp)). 

Now applying /""^ to the pair of points p'^, q!^ we obtain the pair of points 
p',q', which lie in the admissible transversal E'. Lemma 15.41 then implies 
that d{p',q') < Pn{p)~^ d{p'n, q'^) < 0{pn{p)~^Vn{p))- Since Pn{p)~^Vn{p) < 
{vn{p)(in(.p)f^" = 0{d{p,qy/°'), we obtain that d{p\q') < 0{d{p,qy/'^) < 
0{d{p,q)^), and so /i* is ^-Holder continuous. 

We next turn to the Holder continuity of h^. Since covers h^, it suffices 
to establish Holder continuity in the M-fiber. Fix a point {p,r) G E x M and 
write h'^{p,r) = {p',r') and h^^{q,s) = {q',s'). 

Holder continuity of (f) with exponent a implies that 

n-1 



n-1 

< Y.oii^^(p)Mp)p^{p)-'r) 

i=0 

n-1 

i=0 
n-1 

< Mpr^o(jin = o{Mpy 



i=0 

where /7 < 1 is an upper bound for fi. This means that |r„ — s„| < |r — s| + 

oiMpr). 

Note that € y^^iPn,i~n)- Proposition 13.11 implies that W|(pn;'^n) 

is the graph of an a-H61der continuous function from W^{pn) to M. Hence 

\rn-r'„\ < 0{d{pn,p'X) = OiMpr), 

and similarly, |s„ — = 0(f„(p)"). Now, by the triangle inequality, 

(17) SjjI ^ Sn\ + jr^ r^l -|- \Sn s„| 

(18) < \r - s\ + 0{iJn{pr); 

Since d{p'^_^, q'^-i) < 0{un{p)p-i{pn)), for i = 1, . . . n, the a-Holder con- 
tinuity of (p implies that \Sn(pip')) - Sn4>{q')\ < Th=i 0{{vn{p)p-i{Pn)T) = 
0{{vn{p)pn{p)~^)°^)^ since p < 1. The inequality {up~^)°' < {upY now im- 
plies that 

(19) \Sn<t^{p)) - Sn(l>[q)\ < 0{{Un{p)Pn{p)f). 
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Combining (fTTl) and (fT9l) . we obtain: 

|r'-s'| = |(r;-<)-(5„<A(p'))-^n<^(9'))l 

< |r - S| + 0(z.„(p)") + 0{{Un{p)[in{p)f) 

< \r-s\ + OiiMp)finip)f), 

since z/° < {vfiY ■ 

We would like to compare |r' — s'\ to d{{p,r), (9,5))^; the latter quantity 
is equal to (|r — s| + g))^ = (|r — s| + Q{{vn{p)ij'n{p)Y)', by the preceding 
calculation, |r' — s'| < 0{d{{p,r), {q,s)y). Hence /i^ is ^-Holder continuous, 
o 

Having completed this preliminary step, we turn to the proof of the main 
result in this section. 

Proof of Theorem HI part II. Suppose that / is accessible and : M ^ M 
is Holder continuous. Let $ : M ^ M be a continuous map satisfying = 
$ o / — <I> + c, for some c € M. We show that $ is Holder continuous. The 
key ingredient in the proof is the following lemma. 

Lemma 5.5. There exist C > 0, > and k € (0, 1) with the following 
properties. 

For any pair of points p,q G M, there exist functions a: Bj^j{p,rQ) —i- 
BM{q, 1) and 13: BM{p,ro) — K with the following properties: 

(1) a{p) = q 

(2) for all z,z' G BMip,ro), 

d{a{z),aiz')) < Cd{z,zY, 

and 

\f3{z)-f3{z')\<Cd{z,z'r, 

(3) for all z £ Bm{p,tq), a{z) is the endpoint of an su-path in M orig- 
inating at z, 

(4) for all z € BMiPjfo), and t € M, A{z,t) is the endpoint of an su- 
lift path m M X M originating at {z,t), where A: BMip^fo) x M ^ 
BuiqA) X M is the map A{z,t) = {a{z),t + f3{z)). 

Assuming this lemma, the proof proceeds as follows. Let C,rQ,n be 
given by Lemma 15.51 Fix xo,xi € M with d{xQ,xi) < rg. For i > 1, 
we construct a sequence of points Xi and maps Ui : Bm{xo, ro) ^ Bjifixi,!), 
Pi : BMixo,ro) — > M and A, : BMixo,ro) x R ^ Buixi, 1) x M inductively as 
follows. The point xi is already defined. Assume that Xi, for i > 1 has been 
defined. Let and [3i be given by the lemma, setting p = xq and q = Xi (so 
that h{xo) = Xi). Define Aj, as in Lemma lSTS} by Ai{z, t) = {ai{z),t+Pi{z)). 
We then set Xj+i = aj(xi). 

We next argue that, for any i > 1, the map Aj has the property that, for 
ah z G BM{xo,ro), 

Ai{z,^z)) = {aiz),^z)+(3i{z)) = (a(z), «^(a(z))). 
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Since $ is a continuous solution to Proposition l4.7l implies then the graph 
of ^ is bisaturated. That is, for any p,q £ M, if {q, t) is the endpoint of any 
SM-hft path originating at {p, ^{p)), then t = But properties 3 and 4 of 

the maps Aj given by Lemma 15.51 imply that ai{z) is the endpoint of an su- 
path originating at z, and Ai{z, ^(z)) is the endpoint of an su-lift path orig- 
inating at {z,^{z)). Hence we obtain that Aj(z,<l>(z)) = {ai{z),^{ai{z))), 
as claimed. 

It now follows from the properties of Aj and the definition of Xi that, for 
i > 1: 

and 

+/3i(xi) = ^>(ai(xi)) = ^>(a;i+i). 

Thus: 

(20) ^>(a:i) - $(xo) = ($(xi+i) - + (^(xo) - . 

Summing equation (I20p over i G {1, . . . , n}, we obtain: 

n 

n($(xi) - «>(xo)) = ($(x„+i)-$(xi)) + ^(/3i(xo)-A(xi)), 

i=l 

and so: 

|<I>(xi)-^'(xo)l < -|cl>(x„+i)-$(xi)| + i V|A(xo)-A(xi)| 
n n ^-^ 

i=l 

1 1 " 

< -||</'||oo + - VC7(i(xo,xir 
n n ^-^ 

i=l 

1 

< -||(/)||oo+Cd(xo,Xi)'^. 

Sending n ^ oo, we obtain that |<I'(xi) — <I>(xo)| < Cd{xQ,xi)'^; since xq 
and xi were arbitrary points within distance rg of each other, this implies 
that $ is K-Holder continuous. This completes the proof of Proposition [ 
assuming Lemma 15.51 o 



Proof of Lemma \5. 51 Let 9 be given by Proposition [521 ^-iid let Nm, Lm be 
given by Lemma 14.51 

We first describe how to construct the maps a and (3 in the case where 
q £ W^{p, Lm)- The analogous construction works for q £ W^{p, Lm)- 
Lemma 14.51 implies that any p and q can be connected by an {Km,Lm)- 
accessible sequence. We can therefore construct a, (5 for a general pair of 
points p and q by composing at most Km maps along stable and unstable 
segments. 

Suppose then that p' £ W^{p, Lm)- We define a = Opy as follows. 
Fix a foliation box U of containing W^{p, Lm), and let {T,x}xeu be 
a (uniformly-chosen) smooth foliation by admissible transversals to in 
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U. For z G U, we define apy{z) to be the unique point of intersection of 
W%z,Lm) with Sp/ in U. The map Op^p' : U — > Yjpi sends p to p' and is 6- 
Holder continuous when restricted to any transversal 'Sx- Since {'^x}xew{p) 
is a smooth fohation, it follows that Op^p' is ^-Holder continuous, uniformly 
in p' G U. 

Similarly, for {z,t) € ?7 x M, we define Ap^pi{z,t) to be the unique point 
of intersection of W^{z) with T,p' xM in U x M. Proposition 13. II implies that 
Ap^p/ takes the form 

^p,p'{z,t) = {ap^p'{z),t + (3py{z)), 

for some function /3py : U ^ M. Proposition 15.21 implies that Ap p/, and so 
Pp^p', is 6'-Holder continuous, uniformly in p' G U. 

The same construction defines cup pi and/?py forp' G W"(p,Km). Finally, 
for p, q in M, we fix an (iTjv/, -^^M)-accessible sequence {yo,yi, . . . , VKm) 
necting p and q and define 

Oip,q = '^VK^-'i-^yKM ° ^yKf,j-2,yKf^j-i o • • • o oiyo,yi- 

By construction, ap^q{p) = q. Similarly define fip^q. 

Then there exists ro > such that for every pair p, q, Op^q and Pp^q are 
defined in the neighborhood BM{p,ro) and ap^q takes values in i?Af((7, 1). 
Furthermore, there exists C > such that (1) and (2) in the statement of 
the lemma hold, for n = 9^^' . Finally, property (4) holds by construction. 

❖ 

Remark: The Holder exponent for $ obtained in this proof can be con- 
siderably smaller than the exponent for (j). In particular, the largest possible 
exponent for the or holonomy given by Proposition 15.21 is ^. Con- 
catenating these holonomies along K steps of an accessible sequence reduces 
this exponent further to In contrast, the exponents for $ and (p in The- 
orem 10.11 are the same. This is because the transverse Holder continuity of 
and does not play a role in the proof when / is Anosov, and so only 
the Holder exponent of the leaves, which is the same as for 0, determines 
the exponent for 

6. Jets 

In this section we review basic facts about jets and jet bundles that will 
be needed in subsequent sections. The reader is referred to [HI IKMSj for a 
more detailed account. 

If A^i and ai^e manifolds and £ < k,we denote by r^(7Vi, A^2) the set 
of local maps from Ni,N2; each element of r^(A^i, A'2) is a triple {p, (f), U), 
where (j) is a map from a neighborhood U oi p in Ni to For p G Ni, 
we denote by rp(A^i, A''2) the set of elements of r^(A^i,iV2) based at p. We 
denote by J^{Ni, N2) the bundle of jets from A^i into A^2: each element 
of J^{Ni,N2) is an equivalence class of triples {p, (j), U) G rp(A''i, A''2), where 
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two triples (p, cp, U) and (p', (p' , U') arc equivalent \i p = p\ and the partials 
of 4> and (f)' at p up to order i coincide. 

We denote by [p^(j),U]i the equivalence class containing {p,(f>,U), which 
is called a £-jet at p. Alternately, we use the notation j^^. The point p is 
called the source of {p, (j), U) and ^(p) is the target. The source map a gives 
J\Ni,N2) the structure of a C^'^ bundle over A^i; we denote by J^{Ni,N-2) 
the £-jets with source p £ Ni. We also denote by J^{Ni,N2)q the set of jets 
with target q. 

More generally one has the ^-jet bundle associated to a fiber bundle. If 

tt: B — > M is a fiber bundle, and i < k, wc denote by r^(7r: ^ M) 
the set of local sections of B, and by rp(7r: B ^ M) the set of local 
sections whose domain contains p € M. We then define the £-jet bundle 
J^(7r: B — M) to be the set of pairs {p, 0), where 4> G rp(7r: 5 M), and 
two pairs (p, and (p', are equivalent if p = p', and the partials of (f> 
and (j)' at p up to order £ coincide. Then J^{tt: M ^ B) is a C^^^ bundle 
over M. Observe that J^{Ni,N2) = J^(proj^^ : Ni x N2 ^ Ni) under the 
natural identification of sections of A^i x N2 with functions (f) : Ni ^ N2. 

For £' < i, there is a natural projection vr^^/ from the ^-jet bundle to 
the ^'-jet bundle that sends jp4> to jp(p- Under this projection, has the 
structure of a C^~^' fiber bundle over J^'. Moreover, J^-^'(J^') = J^. 

The bundle J^(M"^,R") is a trivial bundle over W^. The fiber space 
J^(]R'^,M") is the 1-fold product P^{m,n) = Uf^QLiy^{R"',W), where 
L*j^^(M™, M") is the vector space of of symmetric, i-multilinear maps from 
M"* to M**. Each ^-jet [v, 0, f/]^ in J^(M™', M") has a canonical representative, 
which is the £t\i order Taylor polynomial of (j) about v. To denote an element 
of J^(M™,]R"), we sometimes use the notation (v, p) with v G M™ and p a 
degree ^ polynomial (suppressing the neighborhood U, since polynomials 
are globally defined). These give C°° global coordinates on J^(M"'',R"); in 
this way we regard J^(M"^,M") as a finite dimensional vector space with a 
Euclidean structure | ■ |. 

6.1. Prolongations. If (j) : Ni ^ N2 is a function, then gives rise 
to a section of the bundle J^{Ni, N2) over A^i via the map v This 
section, denoted j^cp is called the i-prolongation of 0. In the case £ = 0, 
the jet bundle J^{Ni, N2) is just the product A^i x N2, and the image of A^i 
under the prolongation j'^cf) is the just the graph of 4>. 

The function cj) : M ^ M is if and only if the ^-prolongation of (p is 
(jk-t_ every continuous section of J^{M,N) is the prolongation of a 
function; however, the set of prolongations of smooth functions is closed: 

Proposition 6.1. If fn £ C^(M,N) and f fn — > ff in the weak topology 
on C^{M, J\M, N)), then f G C^(M, N). 

More generally, if a: M ^ ;B is a section (resp. local section) of a C*^ 
bundle it: B —>■ M, then the ^-prolongation j^a: M ^ J^ijr: M ^ B) is a 
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^ section (resp. local section). The analogue of Proposition 16.11 holds 
for prolongations of sections. 

6.2. Isomorphism of jet bundles. The next lemma is used extensively 
in various forms in this paper. 

Lemma 6.2. Let Ni,N2, and be manifolds. 

(1) Let g : N2 ^ he a map. Then for every £ < k, the map 

^ jiig o(t)) is a C^-^ map from J^(iVi, iVs) to J^(iVi, iVg). 

(2) Let h: Ni ^ N2 he a diffeomorphism. Then for every i < k, the 
map j^cf) I— > J^(^)('?^°^^^) 'i'S a C^^^ diffeomorphism from J^{Ni, N3) 

to J'{N2,N3). 

Remark: There is some subtlety in item 2. li h: N ^ N is a C^~^ 
diffeomorphism other than the identity, then neither of the following maps 
is even differentiable on J^{N, N): 

^ ji(^)4> or jf(0o/i-i). 

It is at first glance a fortuitous fact that the composition of these maps is 
C^-^. What item 2 expresses is the fact that the ^-jet bundle is a C 
invariant under C'^-diffeomorphisms. More generally: 

Corollary 6.3. (see, e.g. [KMS] . Chapter I4.4) If it: B^M andir': B' 
M' are fiher bundles, and H\ B ^ B' is a isomorphism of fiber 
bundles, covering the diffeomorphism h: M —>■ M' , then for every £ < k 
there is a canonical C^^^ isomorphism of fiber bundles 

H^: J\tt: B ^ M) ^ /(tt': B' ^ M') 

covering h. For I' < i, the map covers H^' under the natural projection. 
The map is defined by: 

H\jia)=ji^,4Hoaoh-'). 

6.3. The graph transform on jets. In its local form, Corollarv 16. 31 tells us 
that for diffeomorphisms of M"* x M" of the form H{x,y) = {h(x), g{x,y)), 
the induced graph transform on functions ^ : M™" — > produces a map 
that is smooth on the level of jets. By graph transform, we mean the map 
Th: i^-.R"^ ^ M"} ^ {$: M'" ^ M"} defined by: 

THm^) = 9ih~\x),'^ih~\x))). 

It is easy to see that if H is C'', then Th(C^(M™, M")) = C^(M™,M'"), for 
all £ < k; nonetheless, the restriction of Th to C^{W^,W^) is not smooth 
at all, even for i = 0. What is smooth, however, is the induced map 

This map on £-jets is C^~^. 
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More generally, whenever a graph transform is well-defined, it induces a 
continuous map on jets, which we now describe. Suppose that H{x, y) = 
{h{x,y),g{x,y)) is a C'^ local diffeomorphism of R"* x R". Write 

where A^-.W^^ W, By-.W^ W^, Cy-.W^^ W and Ky-.W^ W. 
Suppose that there exists po > such that for all v G B-g^m+n{0, po), the map 
Ay is invcrtible. 

Then there exists pi > such that, for every £ < k, there exists a C*^~^ 
local diffeomorphism 

defined in the pi-neighborhood of the 0-section of J^^^^q ^^^(M™, M"^), given 
by: 

H'Ui^) = {{g o {id, ^)) o {h o {id, ^)r') . 

The map has the defining property that for every ^/^ G r^(M"^,M"), if j^ijj 
IS m the domain of H^, and ^' G r^(R'",M") satisfies: 

graph{ijj') = H{graph{tjj)) 

in a neighborhood of h{x,ip{x)), then H^{j^ijj) = j^x'^^x))^'' "^^^^ 
motivates the term "graph transform." 

We explore the properties of these maps in more detail; this will be used 
in subsequent sections. Writing P^{m,n) = n|^QL|y^(M"^,M"), we have 
coordinates 

{x,p) ^ {x,po,...,pi) 
on M"* X P\m,n), where p, = Dl,p € L^y^(M™,R"). Denote by H\x, p)i 
the Li^^(R'",R")-coordinate of H\x, p), so that 

H^{x, p) = {h{x, Po), H\x, p)q, H^{x, p)e). 
Clearly H^{x, po)o = g{x, po)- Because jets are natural, for i' < t, we have 

B.\x, Po,..., pi)e = {x, Po,..., Pi')i'. 

Furthermore, 

il^{x, Po, Pl)l = (C(a;,po) + ^(x,po)Pl) (^(^^.Po) + ^{x,po)P\) ^ ■ 
Differentiating this expression t times (implicitly), we get, for I > 1: 

H^{x,po,...,pt)t = (K(^,po)p^ -i?^(v,po,pi)iS(^,p„)p£ 

+S'^{X, Po,..., Pi-l)) o (^(x-,po) + ^(x,p„)Pl)~\ 

where is a polynomial in {x, po, . . . , pe-i) and in the partial derivatives 
of H at {x, po) up to order £. 

Notice that if = 0, then these expressions reduce to: 

H\x,po,...,pe)e = {K{x,g,o)Pt + ^^i^'Po,---,Pe-i))oA-^^^^y 
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In particular, if Bf^^^^g-j = 0, then there exists P2 > such that for all (x', p') 
lying in the /32-neighborhood of (x, p) in J^(R™,M"), we have: 

(21) \H\x,p)e-H'{x',p')e\ 

(22) < Q(^,po)(p^ -p'i,) + {\{x, po,..., pi-i) - (x, p'o,..., Pe-i)\) , 
where Qf^^p^) : Lly^(R"^,W') L^y„^(R'^, R") is the linear map: 

QUpo)(Pt') = ^(^.Po) ° Pi ° ^Spo)- 
Observe that, because p^ is a symmetric map of order £, we have ||Q(^ || < 

ll-^(x,po) ll/''"(^(2:,po))^' "^here m^X) = \\X^^\\^^ denotes the conorm of an 
invertible matrix X. 

For £ > 1, we may regard J^(M™,M") as a vector bundle over J'^(M"^,M") 
(= M^'xM") under the natural projection vr^ o! the fiber is n^^j^L*y^(]R™', R"). 
In a variety of contexts (see Section 110.11 ff.) we will consider the case 
where the map is a fiberwise contraction on a neighborhood of the 
0-section of this bundle. We assume that p^) || < m(A(^ pg)) and 

ll-f^(x,po)ll < M^(x,po) Y (which together imply that ||-f^(x,po) II < M^{x,po))\ 
for 1 < i < e). 

Continuing to assume that -B(^. p^j = 0, we next construct in the standard 
way a norm | • |' on n^^]^L*j^„(M™, M") such that: 

(23) \H'{x,p)-H'{x,p')\' 

(24) < max 1^^, • \{x, p), - {x, p\\', 

for {x,p),{x,p') lying in the set {(x, po, Pi, • • • , P^) : |(Pi, • • • , P£)r < !}• To 
do this, fix L > and for (p^, . . . , p^) G Ul^-^Liy^{W^ , define: 

l(Pi, • • • ,Pe)\L = L^\Pi\ + ■■■ + L\pA- 

It is not difficult to verify using (|2ip that if L > is sufficiently large, 
then ([23]) holds for | • |' = | • |i and all (x,p),(x,p') lying in the set 
{(x,po,Pi,...,P£): |(pi,...,p^)r < 1}. 

The same holds true if ||i3(j. pg)|| is sufficiently small. Summarizing this 
discussion, we have: 

Lemma 6.4. Fix I > 1. For every R > and k € (0, 1) there exist e > 
and L > with the following properties. 

Let H: i?Km+n(0, 1) — W^'^^ he a local diffeomorphism such that: 

• d(ji {H, Id) < R, and 

• writing D^H = ) ' have: 

inf m{A^) > 0, 
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, \KA \\K,\\ 
K> sup max< 

and 

sup II^nll < £• 

■feBjjm+n (0,1) 

Then for all v = G and all jUiIj^jU^' S t^J^{v), with 

Ij^mVl, <'^, we have: 



7. Proof of Theorem [B] 

Before proving our main higher regularity result (part IV of Theorem |A]) , 
we give a proof of Theorem |Bl as the proof conveys some of the basic tech- 
niques we will use later, but in a simpler setting. 

Suppose that N is an embedded submanifold of M™"*"" such that, for 
every x, y in N , there exist neighborhoods U oi x and V oi y and a C'^ 
diffeomorphism H : U V such that H{U) = V and H{U r\ N) = V r\ N , 
where k > 2. 

We prove that is a submanifold of R™'+", for all £ < A;, by induction 
on £. By assumption, is a submanifold. Suppose that is a 
submanifold, for some i < k — 1. We prove that is C^~^^ submanifold. As 
the problem is local, we may restrict attention to a small neighborhood in 
A^. 

Fix a point xq € N and a neighborhood V of xq in A'^. By a local C'^ 
change of coordinates in A^' sending to G M" x M*", we may assume 
that A^ is the graph of a function $ : B^n (0, 1) satisfying Jq^ = 0. 

The first main step in the proof of Theorem [B] is the following lemma. 

Lemma 7.1. For every u G i3Rn(0, 1) there exists p = p{u) > 0, and for 
every i G {0, . . . a C'^~* local diffeomorphism 

Hu- -Bj«(Mn^]Jm)(0, J*(]R",R"') 

with the following properties: 

(1) Hi covers under the projection J*(M",M™) J^-^{W,W^), 
and 

(2) writing H^{v,w) = {hu{v,w), gu{v,w)), we have hu{0,^{0)) = u, 
and: 

for every v such that j^^ G -Bj^^jgn ]gm)(0, p). 

Proof. For z = 0, this follows immediately from homogeneity. Given 
u G i?M'i(0, 1), select a local diffeomorphism 

Hu = ihu,gu): 5Mn^K™(0,po) X M'" 
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sending (0, 0) = (0, $(0)) to (u, <5(n)) and preserving the graph of <I>. Under 
the natural identification of J°(R",M™) with M" x M™, this defines the map 

Hu{v,w) = {hu{v,w),gu{v,w)). 

Suppose i > 1, and fix a point v' G M" near 0, and a function ^ € 
r^,(]R",R™). Consider the local map /i„ o {^d,^p) G r;,(M",M") given by: 

Hu o {id,tp){v) = hu{v,tl){v)). 

Its derivative at v' is 

Bh Bh 
(25) D,, {K o (id,^)) = -^{v' ,i;{v')) + -^{v\i;{v'))D,,i;. 

Since DH^ preserves the tangent space to the graph of it follows that the 
map BHu/Bv{0,0) is a diffeomorphism onto a neighborhood of u. On the 
other hand, plugging in f' = 0, D^'ip = into equation (j25p we obtain that 
for any V S r^(M", M™) with j^^ = 0, Dq {K o {id, ^)) = ^(0, 0). 

Since is C^, from this it follows that for {jlitpl and \v'\ sufficiently 
small, the derivative D^i (hu o (idjip)) is invertible. The inverse function 
theorem then implies that hu o (id, tp) is a C* local diffeomorphism in a 
neighborhood of w G M", provided is sufficiently small; in particular, 

(hu o {id,jp))~^ is defined. 

For i > 1, we then set 

KiM = jhu{vM^)) i^3u o (id, o {hu o (id, ^)y^) . 

Lemma [6]2] implies that H^^ is a C'^~* local diffeomorphism. By construction, 
the maps satisfy properties (1) and (2). o 



Remark: Notice that Lemma [7. 1 1 implies that the image of B^n (0, 1) under 
j^^ is a homogeneous submanifold of J^(M"',M™). At this point, it is 
tempting to appeal to Theorem 11.21 to finish the proof. If one does so, one 
obtains that /$(fiiR"(0, 1)) is a submanifold of J^(R",M™). However, 
this alone does not imply that ^> is C^~^^ . To conclude that $ is C^~^^, for 
^ > 1, it is in fact necessary to show that the function and not just its 
image, is C^. 

Here is an example that illustrates what can go wrong. Let ^ : M ^ M be 
any function, and let <I>(x) = \I'(x) + x^/^. Then the graph of $ is a 
submanifold of M^, but not a submanifold, as is easily checked. On the 
other hand, j^<I> = (x, ^'(x) + x'^/'^, ^''(x) + (4/3)x^/^), and the image of 
is the image of the following embedding: 

■0 : M ^ M^; tpit) = (^^ ^'(t^) + t^, ^'{t^) + (4/3)t). 

Hence the image of is C^, but the graph of <I> is not C^. 

The situation can be arbitrarily bad: if ^ is real analytic, then the image 
oi j^^ is analytic, while the graph of $ still fails to be C^. (The construction 
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we have described is a very simple example of the procedure in algebraic 
geometry of resolving a singularity.) 

Returning to the proof of Theorem [Bl our next step is to show: 

If ^ is and j^^ is a -homogeneous function (in the sense of 
Lemma\7J\) , then j^^ is , and so <I> is C^^^ . 



To this end, let A: J^(M",M'^) ^ J^(M",M™) be an invertible linear 
transformation, and let /> > 0. We next define a subset Q{A^p) C -Bir"(0, 1) 
consisting of the set of all u G i?]Rn(0, 1) with the following properties: 

• For each i G {0, . . . £}, there exists a bilipschitz embedding 

such that: 

• Hi covers Hi'^ under the projection J^(M",M™) J*-i(R", M""), 

• writing H'^{v,w) = {huiv,w),gu{v,w)), we have /i„(0, $(0)) = u, 
and: 

for every v such that jf,^ G -Bj^j-j^n igm-)(0, p), and 

• Lip(yl — H^) < Uli^ on Bje(^-^„^^m-^{0,p), where m{A) = 
denotes the conorm of A. 

Fix a countable dense subset {Aj}j(zz_^ C GL( J^(M", M™-)) of invertible 
linear transformations. 

Lemma 7.2. For each A G GL( J^(M™, M")), and p>0, the set giA,p) is 
compact in i^Rn (0,1). Moreover: 

Bmn{o,i) = y g{A,^,j2^). 

Proof. Suppose that Q[A,p) is nonempty. Let Uj be a sequence in C/(^,p), 
and for each i G {0, . . . let Hl^. be the associated sequence of bilipschitz 
embeddings. Since the space of bilipschitz embeddings is locally compact 
in the uniform topology, there exists a convergent subsequence — > u G 
-BiRn(0, 1) with Hl^. — > Hl^ uniformly for all i. The maps Hl^ are bilipschitz 

embeddings, with H^^ covering Hu~^, and Lip(i/^ — A) < H^ili. Since the 
^-jet is a closed subset of J^(M"',M™), the limiting map preserves 
j^^. Hence u G g{A,p), and so Q{A,p) is compact. 

Lemma 17.11 implies that for each u, and each i there exists a C^~* dif- 
feomorphism H!^ satisfying the first two properties. Let e = m{DQH^)/ll. 
Fix Aj^ G GL(J^(M",M'")) such that WDoH^ - Aj^\\ < e. A simple estimate 

shows that \\DoH^ — < ^^i^^ ^ ■ Next, fix j2 such that Lip{DoH^ — 
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Hi) < on i?j.(R^,K„)(0,j7i). Then Up{A,, - Hi) < on 

-^j''(R",R'")(0) ^2"^)) which imphes that u G Hence: 

BRn{o,i) = u g{Aj„j^'), 

completing the proof of the lemma, o 

Since B^ni^O,!) is a Baire space, there exist integers ji,j2 such that 
Q{Aj-^^,j2^^) has nonempty interior. Let U be an open ball contained in 
Q{Aj^,j2^). For each pair u,u' G U and i G {0,...,^}, we set -f^(y„/) = 

iJ*, o Hi ^, which is defined on a neighborhood of in J*(M",M"*). We 
thus obtain: 

Lemma 7.3. There exists p > such that, for every pair z = {u,u') G 

U X U, the following hold: 

• for each i G {0, ...£}, HI is a bilipschitz homeomorphism, defined 
on a p -neighborhood of ji^, 

• Hi covers H'-^ under the projection J*(M",M™) ^ J^-^(M", M'"), 

• writing H^{v,vu) = {hz{v,w), gz{v,w)), we have hz{u,^{u)) = u' , 
and: 

for every v such that ji^ G Bjt(^n^^m-j{ju^, p), and 

• Lip{I -Hl)<\ on BjeQ^n^T^m.){ji^,p). 

Let K = 3/2, which is a bound, over all z = {u,u') £ U x U, for the 
Lipschitz norm of H^ on Bji^^n^^m^{ji^,p). Since <I> is assumed to be at 
least C^, there exists a constant C > such that, for all u,u' G U, 

\f^<^-jl,<^\<C\u-u'\. 

Fix a point uq G U, and let a = d{uQ,W^ \ U) (which depends uniformly on 
uq). Since is continuous, if u is sufficiently close to uq (uniformly in uq), 
we will have G Bji(^^m^^n){ji^^,p). 

Let ui G [/ be such a point. Fix AT G Z+ such that: 

a a 
CK(iV + i) ^l^i-^ol<CK]v- 

We construct a sequence of points uo,ui,U2, ■ ■ ■ ,un in ?7 inductively as 
follows. The points uq and ui have already been defined. For i e {1, . . . ,n — 
1}, wc set Zi = {uQ,Ui) & U xU and Uj+i = hz^{ui, <I>(ni)). We need to check 
that if Ui is contained in U, then Ui^i is also contained in U. 

To see this, note that, for i < N, we have: 

\ui-Ui-i\ = \hziiui,^{ui)) - hz^{uo,^iuo))\ 
< KC\ui — uo\ 
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Hence, for i < N, this implies that \ui — uo\ < KCi\ui — uq\ < a, so that 
Ui G U, for alH G {1,...,A^}. 
Then, for each i: 

= Ji, ^ - jio ^ + (K - Id) ui^ - « - Id) 04 

Summing these equations from i = 1,... ,N, and taking the norm, we 
obtain: 



\{Hi-Id){ji^<^)-{Hi-Id){ji^<^) 



N 

E 

1=1 
N. 



> $ _ f 

since Lip(//|^ — Id) < ^, fov i = 1, . . . , N. 

Since is continuous, by assumption, there exists a constant M > 
such that < M, for all v eU. Then: 

2 

iV' 
4M 

- 

4:MCK{N + 1) a 

no CK(iV + 1) 

12MC, 

< \ui — Uo\. 

a 

From this it follows that u l—^ is Lipschitz at uq; since uq was arbi- 
trary, the map is locally Lipschitz on U. Hence is differentiable almost 
everywhere on U C V. C^"'"^-homogeneity of V now implies that is 
differentiable everywhere on V. Taking a point of continuity for the deriva- 
tive of j^^, and applying C^^^^-homogeneity one more time, we obtain that 
is C^, and so F is a C^^^ submanifold of M" x W^. This completes 
the inductive step of our proof, and so completes the proof that is a 
submanifold of M'"+" . 

8. Journe's theorem, re(re)visited. 

Journe's theorem [J] is widely used in rigidity theory to show that a con- 
tinuous function is smooth. The theorem states that any function that is 
uniformly smooth along leaves of two transverse foliations with uniformly 
smooth leaves is smooth. This theorem is typically applied in the Anosov 
setting as follows: according to Proposition 14.71 the graph of a continuous 
transfer function $ for a smooth coboundary (p is bisaturated, i.e. saturated 
by leaves of the unstable and stable foliation for the skew product /<^. Since 
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is smooth, the leaves of these fohations are smooth graphs over the corre- 
sponding fohations for /. This impHes that the function $ is smooth along 
leaves of the stable and unstable foliations and W" for /. In the Anosov 
setting, these foliations are transverse, so applying Journe's theorem, we 
obtain that $ is smooth (see |Ni^T| ). 

Here in the partially hyperbolic setting, we reproduce this argument in 
part. Indeed, by the same argument, any continuous transfer function $ of 
a smooth coboundary (f) is smooth along leaves of and W". Since the 
stable and unstable foliations are not necessarily transverse, we cannot apply 
Journe's theorem at this point. The idea is to use accessibility and center 
bunching to show that the restriction of $ to leaves of a center foliation is 
also smooth. One then applies Journe's theorem twice, first to the pair of 
foliations and W", and then to the pair VV^" and W*, to conclude that 
$ is smooth. 

If one assumes that / is dynamically coherent, then it is possible to turn 
this idea into a rigorous argument, as we outlined above in Section [TJ Here 
are a few more details on how one can show that $ is smooth along leaves of 
in the dynamically coherent setting. Bisaturation of <I> implies that the 
graph of $ when restricted to the W^-manifolds is invariant under the 
and W^-holonomy maps between lifted W^-manifolds. The strong bunch- 
ing hypothesis on / implies that these holonomy maps are smooth when 
restricted to center manifolds of 7^. Each center manifold W^{p,t) of f^f) 
is the product VV'^(p) x M of a center manifold for / with M, and the 
and W^-holonomies between W^-manifolds covers the corresponding W 
and >V"-holonomies between W'^-manifolds. Since / is accessible and ^ is 
bisaturated, any two points on the graph of ^ can be connected by an su- 
lift path. Corresponding to any such su-lift path is a composition of 
and W^-holonomy diffeomorphisms between W^-manifolds that preserves 
the graph of Putting all of this together, we get that the graph of $ over 
any given center manifold yV^{p) is a smoothly homogeneous submanifold 
of W^{p) X M and so by Corollary 11.31 is a smooth submanifold. Hence the 
restriction of ^ to leaves is also uniformly smooth. 

If we do not assume dynamical coherence, then this argument fails. One 
can attempt to use in place of a center foliation a local "fake" center foliation 
W^, as is done in |BW2j to prove ergodicity. However, the fake center 
foliation available to us is not sufficiently canonical to allow a dynamical 
proof that the graph of ^ is smoothly homogeneous over leaves. Another 
difficulty is that the fake center foliation and the unstable foliation are 
not jointly integrable, and so we cannot apply Journe's theorem in the two 
steps outlined above. Fortunately, both problems can be overcome, and it 
is possible to employ the fake foliations of [BW2] to prove Theorem El The 
key observations that allow is to do this are: 

(1) the fake center foliation and the fake unstable foliation are 
jointly integrable. 
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(2) one can show that $ has continuous "approximate jets" along leaves 
of and VV^, and 

(3) Journe's theorem has a stronger formulation in terms of "approxi- 
mate jets" . 

We detail the argument in the next section. In this section, we describe the 
stronger formulation of Journe's theorem and what we mean by "approxi- 
mate jets." 

Definition 8.1. Let D be a domain in , C > 1, a > and I € 

A function ip: D ^ M" has an a, C)-expansion at z if there exists a 
polynomial pz of degree < £ such that: 

for all z' £ D. 

The following theorem was proved by Campanato (in a more general 
context): 

Tlieorem 8.2. ^ For £ e Z+ and a G (0, 1], a function i/; : ^ M" is 
C^'" if and only if for every compact set D G M™, there exists C > such 
that ip has an (l, a, C)-expansion at every z ^ D. 

Furthermore, ip is a polynomial of degree < i if and only if there exists 
a > 1 such that, for every compact set D G U."^, there exists a C > such 
that tp has an (l, a, C)- expansion at every z ^ D. 

Definition 8.3. A parametrized C^'° transverse pair of plaque families is 

a pair of maps {uj^ ,u}^), with 

of the form: 

cjf (x) = z + (/3f (x), j:), and {y) = z + {y , (i^ [y)) , 

for z G 1"*+'", where f3^ G C^'°(/'",R") and (3^ G C^'"(/",M'") have the 
following additional properties: 

(1) /3f (0) = and /3j(0) = 0, for all z G 1™+", 

(3) The maps z ^ (3f ^ C^'°(I'",R") and z ^ uj"^ e C^'"(I",M'") are 
continuous. 

If {u^ ,uj^) is a parametrized C^'° transverse pair of plaque families, we 
define the norm u;^)||^^q- as follows: 

\\{UJ^ ,u/)\\l^a'-= sup ||/3^||c^,a(/m.]Rn) + ||/3^llc'^."(/",IR"l)• 
2g/m+n 

Remark: A pair of transverse foliations with uniformly C^'°^ leaves, after 
a C^'" local change of coordinates, becomes a parametrized transverse pair 
of plaque families. Similarly, a pair of continuous plaque families (where the 
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plaques depend continuously on the their center point in the C^'" topology) 
transverse at every point gives a transverse pair of plaque families. 

Theorem 8.4. Fix i € Z-|_ and a € (0, 1). Let {co^ ,lo^) be a parametrized 
(je,a transverse pair of plaque families in c M" x M™. For every C > 

there exist C = C'{C, \\{uj^ ,uj^)\\f^^a) and p = p{C, IKcj-^, such that 

the following holds. 

Suppose that ip : /"+™- — > M has the properties: 

(1) for every z E 7"*+"^ there exists a polynomial : I"* ^ M o/ degree 

< i such that, for all x G I"*; 

mu;^ix)) - (x)| < + \zf+% 

(2) for every z G /»^+"^ there exists a polynomial pY : I" ^ M o/ degree 

< i such that, for all y £ I^: 

mLoY{y))-pY{y)\<C{\yf+- + \zf+^), 
Then ip has an {£, a, C')- expansion at (0,0) in Bj^m+n{0, p). 

Remark: Note that the hypotheses of Theorem 18.41 are weaker than re- 
quiring that ip o oj^ and o uj^ be C^'" for every z € 1"^+" . They are also 
weaker than requiring that ipouj^ and ipoujf have a, C)-expansions about 
for every z. This latter condition corresponds to the stronger conditions: 

IV'Cc^f (x)) - (x)| < and \^p{^''Ay)) " p'Ay)\ < c\yf^'', 

for every {x,y). Note also that the conclusion of Theorem 18.41 is in some 
aspects very weak: it does not even imply that tp is continuous (except at 
the origin). 

One can recover Journe's original result from Theorems 18.41 and 18.21 as 
follows. Suppose that ip is uniformly C^'" along the leaves of two trans- 
verse foliations with uniformly C^'" leaves. Fix an arbitrary point x; in 
local coordinates sending x to 0, the transverse foliations give a parame- 
trized C^'" transverse pair of plaque families. In the coordinates given by 
this parametrization, tp has a Taylor expansion at every point with uniform 
remainder term on the order i + a. This implies that conditions (1) and (2) 
in Theorem [83] hold, for some C that is uniform in the point x. Theorem l8.4l 
implies that ip has an (i, a, C) expansion (in these coordinates) at x, where 
C is uniform in x. Since x was arbitrary, Theorem 18.21 then implies that ip 
is C^'". 

We also remark that whereas Theorem 18.21 holds for a = 1, Theorem 18.41 
is false for a = 1, if £ > 1 (see [PSW] for an example with a = 1, £ = 1). 

Proof of Theorem \8.4\ The proof amounts to a careful inspection of the 
main result in [jj. We follow the format in |NicT| . where the structure 
of the original treatment in jjj has been clarified. We retain as much as 
possible the notation from [Jl INicTj . though there are some small changes. 
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The two differences in the way the result is stated here and the way it is 
stated in p] are the following: 

(1) In [Jj, the transverse plaque family arises from a transverse pair of 
local foliations Ts and Tu] this is not assumed here. An extra lemma 
(Lemma I8.9p deals with this. 

(2) In [j], it is assumed that ^ is C^'" along leaves of the foliations Tg 
and Tu- This is replaced by (1) and (2). A slight adaptation of the 
proof of Lemma I8.1H part 1, deals with this. 

As in [J| and [NicT] . we give the proof for m = n = 1; the proof for 
general m, n is completely analogous. We first reduce Theorem 18.41 to the 
following lemma. 

Lemma 8.5 (cf. |NicTj . Lemma 4.4). Under the hypotheses of Theorem \8.4\ 
there is a polynomial p = p{ip) of degree < £ with the following property. 
Given K > and the cone JC^ = {{u,v) G : |t;| < there exist positive 

constants Ci = Ci(k, C, \\{u;^ ,uj^) \\e^a) CLi^'d p = p{k, C, \\{uj^ ,LO^)\\i^a.) such 
that: 

(26) |V(^)-p(z)|<Ci|z|^+", forzeJCnB{0,pi). 

We first prove Theorem 18.41 using Lemma 18.51 Fix k > 2. Applying 
Lemma 18.51 to the cones IC = {{u,v) € M? : < n\u\} and /C' = {{u,v) S 
: \u\ < k\v\} (with the roles of u and v switched), we obtain polynomials 
p and p' of degree < i and constants C", p such that 

|^(z) - p{z)\ < C"|z|^+", forz elCnB{0,p), 

and 

IV'(z) - p'{z)\ < C"|z|^+", forz G IC'nB{0,p). 

Note that V = B{0,p) n )C H fC' has nonempty interior. But then p and 
p' must agree because they have contact higher than i on V. Hence ip has 
an {i,a,C') jet on B^2{0,p). This completes the proof of Theorem 18. 4^ 
assuming Lemma 18.51 o 

Proof of Lemma \8.5[ Replacing -0 by ip{x,y) — -0(2;, 0) — ip{0,x) + ip{0,0), 
we may assume that ip vanishes along the x- and y-axes. For z E j'n^+n^ ^et 
T^{z) = (/™) and let [z) = w^(/"). 

The structure of the proof is as follows. We construct a sequence of degree 
{i + 1)^ polynomials pm on that interpolate the values of on a carefully 
chosen collection Sm of {I + 1)^ points in M'^. The terms of degree < £ in 
pm converge to a degree I polynomial p that satisfies (|26l) on a cone /C^. 

We say more about the selection of sets Sm- Each set Sm is the union of 
four subsets Sm = {(0,0)} U {Hm x {0}) U ({0} x Vm) U Jm, where Hm and 
Vm each contain i distinct real positive numbers. The sets Sm are chosen 
with several properties: 
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Figure 1. The geometry of the sets Sm, when i = 3. 



• the minimum and maximum distance between any two points in Sm 
are comparable by a fixed factor B > 1 and are both ©(r™/^), for 
some fixed r G (0, 1), 

• Jm is approximately the cartesian product Hm x Vm, with error 

• any "vertical" collection of £+1 points in Sm lies on a vertical ^ - 
plaque, and any "horizontal" collection of i + 1 points in Sm lies on 
a horizontal ^^-plaque, 

• Sm and Sm+i agree on £ (horizontal or vertical, depending on the 
parity of m) collections of ^ + 1 points. 

These properties, combined with properties (1) and (2) of^p ensure both that 
the degree < i terms in the polynomials pm converge and that the limiting 
polynomial is a good approximation to ^ on any cone /C^. We will say more 
about the construction of Sm shortly; we note that it will be necessary to 
construct more than one such sequence, in order to prove that p is a good 
approximation at all points in /C, and not just those points on which ip was 
interpolated. 

The starting point in Journe's argument is to prove a higher dimensional 
version of the following interpolation lemma. 

Lemma 8.6 (Basic interpolation lemma. [J]). Fix i > 1. For each B > 1, 
there exist Eq = eo{B) > and Cq = Co{B) > with the following property. 
If the collection of points {zq, zi, . . . , zi} C M satisfies R/t] < B, where 

R = sup \zj\ and ij = inf \zj — Zj'\, 

j jy^j' 

Then for any values {bo, . . . ,be} C M, there exists a unique polynomial 



p=0 
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such that p{zj) = bj, for < j < £. Moreover, 

^\cp\RP < Csup\bj\. 

p ^ 

Journe's generalization of Lemma 18.61 allows one to interpolate values of 
a function on a collection of {£ + 1)^ points in that lie in a rectangle- 
like configuration - like the sets Sm described above - by a degree {£ + 1)^ 
polynomial whose size is controlled on the scale of the grid: 

Lemma 8.7 (Rectangle interpolation lemma. [J], Lemma 1; cf. [NicTj . 

Lemma 4.5). Fix i > 1. For each B > 1, there exist Oq = 9o{B) > 
and Co = Cq{B) > with the following property. If the collections of 
points {zj^k : < j < < k < 1} C R'^, {xj : < j < £} C R and 
{yk-0<k<£} CR satisfy: 

R/r]<B, and \zj,k - {xj,yk)\ < OqT], 

where 

R = sup\zjk\ and ri = inf \zj h ~ ^i' k'\^ 

j,k U,k)^iJ',k') ^' 

Then for any values {hj^u : < j < < A: < ^} C M, there exists a unique 
polynomial 

0<p,ij<^ 

such that p{zj^k) = bj^k, for < j,k < £. Moreover, 

5^|cp,,ii?f+«<C7osup|6,-fc|. 

p,q J> 

As mentioned above, to create the sets Sm, we will intersect plaques of our 
transverse plaque families. The next lemma gives control over the location 
of the intersection of two transverse plaques. 

Lemma 8.8 (Local product structure). There exists po = po{K) > 0, 
and for every K,9 > 0, a pi = pi {K, 6) > with pi < pq such that, 
for any parametrized C^'" transverse pair of plaque families {uj^ ,uj^) with 
||(ti;^,u;^)||i < K, and any zi,Z2 G B^m+n{0, po), the manifolds ujY-^{I"^) and 
a;^(/"') intersect transversely in a single point [zi,Z2] G Moreover, if 

\{x,y)\ < pi, and \ {x',y')\ < pi then 

\[ix,y),iO,y')]-ix,y')\<e{\{x,y)\ + \y'\), 

and 

\[{x',0),{x,y)]-{x',y)\<d{\{x,y) + \x'\). 

Proof. This is a simple consequence of the fact that the transverse plaque 
families are continuous in the topology, o 
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Fix K > and k > I and let po = pq{K). Fix {uj^,uj^) such that 
||(a;^,a;^)||^ „ < K . We now define the base grid: 

Go = go{^^^,^^^) = {{^j'}j£Z+U{oo},{^k}keZ+U{oo}) 

of horizontal and vertical plaques from which we will eventually construct 
the sets Sm- We fix r G (0, 1), and let = T^{0,0) and J^^ = J^^(0,0), 
and for j,k>l set J"^ = J'^{r^,0) and = -F^(0, r^). 

For each (nonzero) w € B^m+n{0, po), we also define a new grid Gw as 
follows. We choose j = j{w) G such that the quantity 

\[w,{0,0)]-r^\ 

is minimized. The grid Gw is then the same as Go^ except that the vertical 
leaf in Go is redefined: = {w). This is illustrated in Figure 3. 

Each grid G = {{^J}^{^k}) defines sequences of points {zj^k}j,k&'L+ C 
R2, and {xj}, {vk} C M via: {zj^k} = n , {(x^, 0)} = TJ n and 
{(0) 2/fc)} = ^ -^l^- For each pair {j, k) with [j — A;| < 1, we then define 

Hj,k = Hj^kiG) = {xf : j < j' < j+£}, Vj,k = Vj,k{G) = {vk' : k < k' < k+£} 
and 

Jj,k = Jj,k{G) = {zj',k' -.j <j' <j + i,k<k' <k + £}. 

Lemma 8.9 (Grids are good). For every K > and k > 1, there exists 
P2 = P2{K, k) > such that if ||(u;^,u;^)||i < K, then for every 9 > 0, there 
exists an integer ko = ko{K, k,6) > such that: for all k > ko, for all j with 
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Figure 3. Grid substitution 



|j — A;| < 1, and for all w S -Bjgm+n (0, P2) H IC^, the grid Qw has the following 
properties. 

Rj,k/Vj,k < Gr^'"^, and sup \zj'^k' - {xj',yk')\ < Sr]j^k, 

where 

Rj k = sup l^l and rjj k = inf |z — 2:'|. 
Moreover, Rj j^ < 3r^~^. 

Proof of Lemma \8.9l Let K > and k > 1 be given, and suppose that 
||(.;^u;^)||i<K. 

We choose p2 such that for all w E B^2{0,p2) H /C^, and for j sufficiently 
large (greater than some jo), if j minimizes the quantity |[tt;, (0,0)] — r-'l, 
then \w\ < 2(1 + K)r^ . This is possible, by Lemma |8.8[ 

Let > be given; we will describe below how to choose a constant 9i = 
Oi{K, K, 6). Assuming this choice has been made, let pi = pi{K, 9i) be given 
by Lemma [STSl We choose /cq > Jo such that max{2(l + K)r^^^, Rj^k} < Pi, 
for all \j — k\ < 1 and k > kg. 

Let w £ -BjRm+n(0, P2) n /Ck, and consider the grid Qw For j,k G Z+ 
satisfying |j — A:| < 1, and A; > /cq, fix a point z G Jj^k, which by definition is 
the point of intersection of JF^ and J'^j , for some k — 1 < j',k' < k + i -\- 1. 
Write z = {x,y) and w = {x',y'). There are two possibilities. Either J^j^ is 
in the base grid Go, or J^j^ = {w). 

In the first case, since z € TJi r\T^i , we have \z\ < pi. Lemma ISTSl implies 
that 

I [(0, 0), {x, y)]-{Q,y)\ = \yk'-y\ = \r^' -y\<ei\ {x, y) \ 

and 

|[(x,y),(0,0)] -(x,0)| = \xj,-x\ = |r^"-x| <^i|(x,y)|. 
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and SO \z- {xj' ,yk')\ < \xj' -x\ + \yk' -y\ < 26i\z\. Since \{xj',yk')\ < 2r^^^ , 
we therefore have, for 6i sufficiently small: 

(27) \z\ < 3r'=~\ 
and 

(28) \z-{xj.,yk>)\<Qeir^-\ 

Suppose, on the other hand, that TJ, = J^^ {w). Then the point (rcj/, 0) = 
[if, (0, 0)] has the property that 

\xii — \ < — Ir-' — ~^^\ = ^r-' < — . 

\ 3 I - 2^ I 2 2 

Since ti; € 5^2(0, p2)n/CK, and / > /cq, we have that < 2(1+K;)r-' ^'^ < pi. 
Hence Lemma lHTHl implies that \xji—x'\ = (0, 0)] — (a;',0)| < ^i(|i(;| + |x'|); 
This implies that {xy - x'\ =< 6i{\w\ + \x'\) < 2ei\w\ < 46*1(1 + K)r^'-^. 

Now z = [w,{0,r''')] and (0, r'^')] - (x',r^')| < ei{\w\ +r'=') < ^i(3 + 
2K)r'^~^. Using the triangle inequality, we conclude that, for 9i sufficiently 
small, we have 

(29) \z\ < Sr''-^ 
and 

(30) \z-{xj',yk')\ < \z - {x',r''')\ + \xj' - x'\ < 9i{7 + 6K)r^-^ . 
Hence, in either case, we conclude that 

(31) Rj,k < Sr'^-i 
and 

(32) sup \zj'^k' - ixj',yk')\ < 0ii7 + 6K)r''~'^. 

On the other hand, 

(33) Vj,k > .inf , ly/ - - sup \zf^k'-{xf,yk')\ 

(34) > Z+'^+i -^i(7 + 6K)r^-\ 

and for di sufficiently small, we get rjj^k ^ Combining this with 

(j3T|) . we have Rj,k/Vj,k < 6r^~^. Combining ([33]) with ([32|) we also get: 

v"4. " " - ^-V^-^+^-^i(7 + 6.).-- 

Choosing 9i = 9i{K,k,,9) small enough, we obtain that 
sup \zj'^k' - {xj',yk')\ < Orij^k, 

which finishes the proof, o 
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Let B = 6r^ ^ and let p2 = P2{K,k) > be given by Lemma 18.91 Let 
00 = 6*0(5) > and Co = Co{B) > be given by Lemma EH Now let 
^0 = ko{K, K, 6*0) > be given by Lemma [8191 

Fix w G B^m.+n{0, p2). We now define the sequence 5m of rectangles 
associated to the grid Qw For |j — A;| < 1, we set: 

Sj^k = {0,0} U {Hj^k X {0}) U ({0} X Vj^k) U Jj,k. 

Now, let S2k = Sk^k and let S2k+i = Sk^k+i- Define the sets Hm, Vm, 
and Jm analogously, for m € Z+. Let Rm = sup^gj^ \z\ and let rjm = 
'miz,z'eJm,z¥'^' ^'\- Lemma [8.91 implies that for m > 2A;o, we have ^ 

3^(m-l)/2'^ and Rmhra < B. 

By Lemma 18. 7[ there exists a constant Co = Cq{B) > such that for 
each m > 2ko, and any function ip, there exists a unique (degree {£ + 1)^) 
polynomial pm = pmii^^^ ,i^'^),w,tp): 

Pmix,y)= Yl "^M^V 

0<p,q<t 

that interpolates ip on the rectangle Sm- Furthermore: 
(35) Yl ICI^m ' ^ ^0 sup{V^(z) : z € 5^}, 

where i?m is defined above. 

Lemma 8.10. For every K,C > 0, there exist constants Ci = Ci{K, C) > 
and p = p{K,C) > 0, such that for all {u^,uj^) with \\{uj^ ,u>^)\\i^ct < K, 
for all w £ Bj^2{0,p2) n /C and for all ip satisfying hypotheses (1) and (2) 
of Theorem \8.4\ for this value of C, the sequence c™^ = c'^^q{Gw,'4') has the 
following property. 

Let p^{x,y) = Ylip+q<i^^,q^^V'^ ■ Then there exists a polynomial p such 
that p = liuim^ooPm (uniformly on compact sets). Furthermore: 

|p(z) -^(z)[ < Ci[z|^+" for z eJCn \J nB^m+n{0,p). 

k>ko 

We first finish the proof of Lemma 18.51 assuming Lemma 18.101 Let C > 
and ip be given satisfying hypotheses (1) and (2) for this value of C. 
Let Ci = Ci(i^,C) > and p = p{K,C) > be given by Lemma EH 
Given w G B^2{0,p) n /C, let p = p{Gw,'4') be given by Lemma [8.101 By 
construction of the grid Qw, we have that w G Uk>ko -^k ■ This implies in 
particular that 

\piw)-^{w)\ < Ci|u;|^+°. 

Let w' G B^2{0,p) n /C be another point, and let p' = p{Gw',i^)- By the 
same reasoning, 

\p'{w')-'iP{w')\ < Ci|'u;f+". 
Note that the sequences c^^qiGwjtp) and c^^q{Gw' differ in only finitely 
many places. This implies that p' = p. The polynomial p = p satisfies the 
conclusions of Lemma 18.51 This completes the proof of Lemma 18.51 o 
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Proof of Lemma \8.1(A The proof follows the proof of Lemma 4.4 in [NicT] 
very closely; the only slight change occurs in the proof of Lemma 18.11^ part 
(1) below, which corresponds to Lemma 4.8 in [NicTj . We outline the proof 
and refer the reader to [NicTj or [j] for the details. 

Fix k and let p = p2k and p' = p2k+i be the interpolating polynomials 
on S2k = Sk^k and S2k+i = Sk,k+i, respectively. Denote their coefficients by 
Cp^g and c'p g respectively. Let = Sr'^'^. We will show that 

By Lemma 18. 7^ it is enough to consider the polynomial p — p' and find 
an upper bound for |p — p'| on Sk,k+i- Note that p and p' agree on Sk,k+i, 
except at the i points Zj^k+e, k < j < k + i. On these points we have 
p'{zj^k+£) = i'izj^k+e)- Hence we need only estimate \ip{zj,k+e 

second coordinate: 



For such a j, write J-J as a graph of a function of the 
= {{xj{y)^y)- y ^ and let Zj{y) - y^j, 



Notice that, in the case where j = j{w), we have Zj{y) 



p{zj,k+dl 

1 c 

{xj{y).y)- 
yw), 



^liy 



where w 
Xj{0) = a 



{xw,yw)', otherwise, Zj{y) = ujj^^_ o)iy)- Note that in either case, 
and the function Xj{y) would be constant if the curve .FK were 



truly vertical. The following estimates would be trivial if Xj were a constant 
function. The hypothesis that [lo^ ,lo^) is uniformly C^'" will be used as in 
pi INicT] to estimate the C^'° size of Xj{y). 

Choose a constant C2 > so that {zj{y) : y € Ik} contains all the points in 
^Jx o)(^) ^ '^^'^ ^ k > kQ and k < j < k+i, where Ik is the interval 

4 := [-C2n,C2Tk]. We next show that |V'(^i(y)) - p{zj{y))\ = 0(rf+"), 
for k < j < k + i and any y G 4. Fix such a j. For /i: ^ M, write h(y) 
for h{zj(y)). We will restrict attention to the domain 1^. 

Lemma 8.11. There exists C3 > such that if k > ko, k < j < j + £, and 
y G Ik, then: 

(1) 



|(V'-p)(y)l<C3 

(2) if p,q < i and p + q > i, 



dy' 
then 



(P) 



^k +'^3^k 



d 
dy 



-Ti^%y)y'^ 



\p+q—l—a I 



(3) if p + q < i, then 



(4) and therefore 



d' 



x^Ay)y'^ 



<C3, 



dy' 



\Ik +'-'3 



E 

p+q<l 
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Proof. To prove (1), recall that Zj{y) = uj^{y-yuj), if j = j{w), and Zj{y) 



V 



Ay) otherwise. The hypotheses of Theorem 18.41 imply that 



ipizjiy)) = ^^{ujl ly - yo)) = {y - yo) + rj{y - yo), 



where zq G {w, (2:^,0)} and yo G {0,y^}, and \rj{y - yo)\ < C{\zf+°' + \y- 
yol^^")- Now \zo\ = 0(Tk) and jyol = 0{Tk) (since w G /C), which implies 
that |r7(y)|=0(r,^+"), foryG/fc. 

Writing the Taylor expansion of of the C^'" function p about 0, we have 



p(y) = Q{y) + Rj{y), 
where Q is a degree ^ polynomial and \Rj{y)\ = 0(|y|^^" 



dy 



) 



0{Tl 



dy' 



V 



), for y G Ik- Recall that, since k < j < k + i, the polyno- 



mial p interpolates ip on the £ + 1 points in Sk,k+i H (xj, 0). Therefore 
the degree £ polynomial Q{y) = Q{y) — — yo) on Ik takes the value 

rj{ti) + Rj(ti) at the ^ + 1 points 

{0 = to,ti,...,t4 = H^„o))~' (5fe,fc+in^^(x,-,0)) . 
Lemma [STSl implies the points {0,ti,... ,tf} in 1^ are spaced Q{Tk) apart. 



Since \Q{ti)\ < \rj {ti)+Rj{ti)\ = 0{T'+''+T'+'^ 

Lemma 18.61 then gives the desired inequality in (1). 

The last three parts are proved in [NicTj (part (4) follows from (2) and 
(3)). o 



dy' 



■P 



),foriG {0,. ..,£}, 



Given 5 > 0, we may assume that /cq > was chosen sufficiently large so 
that < 5. Then we have 

\{^-p){z,{y))\<C^T[^^^C^b Ic^.lrr'^ + Cs \^vM^''^ 

for all y € Ik- Plugging y = Zj^k+e into this equation (and recalling that 
p'{zj^k+e) = il^izj^k+e)), and using ([35]) for p - p' on Sk,k+i, we get: 

p,q \ p+q>i P+q<i J 

(cf. equation (4.11) in [NicT] ). 

Now the proof proceeds exactly as in |NicT] . and we obtain a polynomial 
■p satisfying the conclusions of Lemma 18.101 o 
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9. Saturated sections of partially hyperbolic extensions 

We recast Theorem [XI part IV as a more general statement about satu- 
rated sections of partially hyperbolic extensions. 

Definition 9.1. Let f : M ^ M be and partially hyperbolic. A 
partially hyperbolic extension of f is a tuple {N,B,7r,F), where N is a 
C°° manifold, n : B ^ M is a C°° fiber bundle over M with fiber N , and 
F : B ^ B is a , partially hyperbolic diffeomorphism satisfying: 

(1) IT o F = f o TT, and 

(2) E-p = T7T~\Ej). 

We say that {N, B, vr, F) is an r-bunched extension if there exists a Rie- 
mannian metric < •, • > on B and functions iy,i','y, and ■j on B satisfying 
(4)-(6) such that, for every x G M : 

sup v{z)< \ni {-i{z),f{z)}, sup y{z) < inf {7(2;),7''(2;)}, 

2G7r-l(x-) ^eTT ^{x) z£-K~^(x) zGtt ^{x) 

sup^e7r-i(x) i^(^) . , , , sup^e7r-i(x) i^(^) . , , 
— , , < mf i{z), and — , . < mf J [z). 

If {N, B, TT, F) is an r-bunched extension of /, then / is r-bunched. To see 
this, we construct a Riemannian metric on M in which the inequalities in (8) 
and (9) hold. This is achieved by fixing a horizontal distribution Hor C TB, 
transverse to keiTir and containing Ep © Ep, and defining, for v G TxM, 
the metric < •, ■ >' by < vi,V2 >'x= sup < wi,W2 >z, where the supremum 
is taken over all Wi € TTT~^{vi) n Hor(z), with z € tt~^{x). In this metric, 
the r-bunching inequalities hold for /, with u{x) = sup^^^-i^^^ '^{z), ^'{x) = 
^^Vza-K-^x) ^(z), = inf^g^-i(^) 7(z), and 7(x) = inf^g^-i(^) 7(2). 

If {N,B,7r,F) is a partially hyperbolic extension of /, it follows that 
;B ^ M is an admissible bundle with Wf^f^ = Wp and VVi^^ = Wp. We say 
that a section o" : M — > S is bisaturated if it is bisaturated with respect to 
these lifted foliations (see Definition 14. ip . We have the following theorem. 

Theorem C. Let f : M M be , partially hyperbolic and accessible, for 
some integer k >2. Let {N,B,tt,F) be a partially hyperbolic extension 
of f that is r-bunched, for some r < k — 1 or r = 1. 
Let a : M ^ B be a bisaturated section. Then a is . 



Remark: One might ask whether the same conclusion holds if a is instead 
assumed to be a continuous F-invariant section. The answer is no. De la 
Llave has constructed examples of an r-bunched extension of a linear Anosov 
diffeomorphism with a continuous F- invariant section that fails to be C^. 
What is more, this section is C^^/''^"^, for all e > 0, but fails to be C^/"^ (see 
[NitTl , Theorem 4.1). 

What is true is the following. Suppose that [N, B, vr, F) is an r-bunched 
partially hyperbolic extension of /. Then there exists a critical Holder ex- 
ponent ao > such that, if a is an F-invariant section of N that is Holder 
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continuous with exponent oq, then a is bisaturated, and hence C^' . The 
exponent ao is determined by v, and the norm and conorm of the action of 
TF on fibers of N. When F is an isometric extension of / (as with abehan 
cocycles, or cocycles taking values in a compact Lie group), then ao = 0, 
and any continuous invariant section is bisaturated. In general, if F is an 
r-bunched extension, then oq < l/r, but it can be smaller, as is the case 
with isometric extensions. The proof of these assertions is similar to the 
proof of Proposition 14. 7t see also ( jNi^Tj , Theorem 2.2). 

9.1. Proof of Theorem lAl Part IV from Theorem ICl Suppose that / 
is C^, accessible and strongly r-bunched and that (f) is C^, for some k > 2 
and r<A; — lorr=l. Then the skew product f^: M x M/Z — > M/Z is 
a C'^, r-bunched, partially hyperbolic extension of /. If <I> is a continuous 
solution to (l2|), then Proposition 14. 71 implies that <I> is bisaturated. Then the 
map X 1-^ (x, $(x) (modi)) is a bisaturated section of M x M/Z. Theorem ICl 
implies that this section is C". This implies that ^ is C". 

10. Tools for the proof of Theorem \C\ 

We finally delve into the details of the proof of Theorem (Cj which is the 
heart of this paper. 

10.1. Fake invariant foliations. Recall that to prove TheoremlAl part IV, 
when / is dynamically coherent, one can make use of the stable and unstable 
holonomy maps for / and F between center manifolds; more generally this 
strategy can be used to prove Theorem ICl when / is dynamically coherent. 
Since we do not assume that / is dynamically coherent, we use in place of 
the center foliation a locally-invariant family of center plaques (see [HPS], 
Theorem 5.5). The stable holonomy between center-manifolds is replaced by 
holonomy along locally-invariant, "fake" stable foliations, first introduced as 
a tool in [BW2| . These foliations are defined in the next proposition. 

Proposition 10.1 (cf. [BW2], Proposition 3.1). Let f : M ^ M be a C 

partially hyperbolic dijjeomorphism. For any e > 0, there exist constants 
p and pi with p > pi > such that, for every p € M, the neighborhood 
Bm{p,p) is foliated by foliations VV^, W^, VV^, VV^'^ and VV^'' with the fol- 
lowing properties: 

(1) Almost tangency to invariant distributions: For each q G 
BM{p,r) and for each * E {u,s,c,cu,cs}, the leafyV*{q) is and 
the tangent space TqyVp{q) lies in a cone of radius e about E*{q). 

(2) Local invariance: for each q G Bm{p,Pi) and * E {u,s,c,cu,cs}, 

/(W;((Z,pi)) C W;(p)(/(g)), and f-\w;{q,pi)) CW}^,^p^if'Hq)). 

(3) Exponential growth bounds at local scales: The following hold 
for all n > 0. 
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(a) Suppose that qj G Bpf{pj, pi) for < j < n — 1. 
Ifq' e W^{q,Pi), then cf^ G Wj^(g„,pi), and 

d{qn,q'n) < ^n{p)d{q,q'). 

If q'j G W;'{qj, pi) forO<j <n-l, then q'^ G W^'(gn), and 

d{qn,q'n) < 7n(p)~^d(^,^')- 

(b) Suppose that q^j G BuiP-j, Pi) for < j < n — 1. 
Ifq' G Wp{q,pi), then q'_^ G W^(g_„,/9i), and 

d{q-n,q-n) < T>-n{py^d{q,q). 

Ifq-j G Pi) /or < j < n - 1, i/ien G VV^"(9-n), 

and 

d{q~n,q'-n) < l-n{p)d{q,q). 

(4) Coherence: Wp and Wp subfoliate Wp*; Wp and Wp subfoliate 

(5) Uniqueness: VV^(p) = >V'*(p,/9), and >V^(p) = W{p,p). 

(6) Leafwise regularity: The following regularity statements hold: 

(a) The leaves ofWp andWp are uniformly C"~, and for * G {u,s}, 
the leaf Wp{x) depends continuously in the topology on the 
pair {p,x) e M X Bm{p,Pi)- ^ ^ ^ 

(b) // / is r-bunched, then the leaves of Wp^ , Wp* and Wp are 

uniformly , and for * G {cu,cs,c}, the leaf Wp{x) depends 
continuously in the C" topology on {p,x) G Af x Bm{p, Pi)- 

(7) Regularity of the strong foliation inside weak leaves: // / is 

and r-bunched, for some r < k — 1 or r = 1, and k > 2, then each 
leaf of Wp* is C foliated by leaves of the foliation Wp , and each leaf 
of Wp^ is C^' foliated by leaves of the foliation Wp . 

Furthermore, the distribution Ep{x) = TxWp is inx € Wp*(p), 
and the map x i— > Ep{x) on Wp*(p) depends continuously on p M 
in the C topology. The distribution Ep{x) = T^Wp is in x G 

Wp^{p), and the map x i— > Ep{x) on Wp"(p) depends continuously 
on p (z M in the C topology. 

Proof. The proof of parts (l)-(5) is contained in [BW2j . We review the 
proof there, as we will use the same method to prove parts (6) and (7). 
Some of the discussion below is taken from |BW2j . 

Suppose that / is C^, for some r > 1. After possibly reducing e, we can 
assume that inequalities ©-(G) hold for unit vectors in the e-cones around 
the spaces in the partially hyperbolic splitting. 
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The construction is performed in two steps. The first step is to construct 
fohations of each tangent space TpM. In the second step, we use the ex- 
ponential map expp to project these fohations from a neighborhood of the 
origin in TpM to a neighborhood of p. 

Step 1. In the first step of the proof, we choose po > such that exp~^ 
is defined on 2po)- For p G {0,po], we define, in the standard way, a 

continuous map fpi TM TM covering /, which is uniformly C^' on fibers, 
satisfying: 

(1) ip{p,v) = expj^^^ of o expp(u), for ||f || < p; 

(2) ipip,v)=Tpf{v),foi \\v\\>2p; 

(3) \\fp{p, •) - Tpf {-)\\ci ^ as p ^ 0, uniformly in p; 

(4) p I— > fp(p, •) is continuous in the C" topology. 

Endowing M with the discrete topology, we regard TM as the disjoint 
union of its fibers, if p is small enough, then fp is partially hyperbolic, 
and each bundle in the partially hyperbolic splitting for fp at v £ TpM lies 
within the e/2-cone about the corresponding subspace of TpM in the par- 
tially hyperbolic splitting for f at p (we are making the usual identification 
of TyTpM with TpM). If p is small enough, the equivalents of inequalities 
([3j) will hold with Tf replaced by Tfp. Further, if / is r-bunched, then fp 
will also be r-bunched, for p sufficiently small. 

If p is sufficiently small, standard graph transform arguments give sta- 
ble, unstable, center-stable, and center-unstable foliations for fp inside each 
TpM. These foliations are uniquely determined by the extension fp. and the 
requirement that their leaves be graphs of functions with bounded derivative. 
We obtain a center foliation by intersecting the leaves of the center-unstable 
and center-stable foliations. Since the restriction of fp to TpM depends con- 
tinuously in the topology on p, the foliations of TpM depend continuously 
on p. 

The uniqueness of the stable and unstable foliations implies, via a stan- 
dard argument (see, e.g. [HPS], Theorem 6.1 (e)), that the stable folia- 
tion subfoliates the center-stable, and the unstable subfoliates the center- 
unstable. 

We now discuss the regularity properties of these foliations of TM. Recall 
the standard method for determining the regularity of invariant bundles and 
foliations. 

Theorem 10.2 (cf. C Section Theorem ([HPS], Theorem 3.2)). Let X 
be a manifold, let tt: E ^ X be a Finslered Banach bundle, and let 
g: E ^ E be a bundle map covering the dijfeomorphism h : X ^ X . 
Assume that the image of the 0-section under g is bounded. 

Assume that for every x (z X there exists a constant Kx such that 

sup \kx\ < 1, 
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and for every y,y' Ett ^(x), \\g{y)-g{y')\\n~^h(x)) < i^x\\y-y'L-^x)- Then 
there is a unique bounded section a: X —i- M such that g{a{X)) = a{X), 
and a is continuous. 
Moreover, if 

sup — ^ < 1, where Xx = m{Txh) 
xgx 

then a is . 

This theorem is used to prove the C^' regularity of the stable and unsta- 
ble foliations for a C partially hyperbolic diffeomorphism /, once the 
regularity has been established (via Lipschitz jets, or some similar method). 
We review this argument, as it is prototypical. 

Assume that the leaves of W" are C"^. Note that since the leaves of 
are tangent to the continuous distribution i?", this automatically implies 
that the map x ^ W"(x) is continuous in the topology. 

To prove that the leaves of W" are uniformly for r > 1, one fixes a C°° 
approximation TM = d) E'^ (B E^ to the partially hyperbolic splitting. 
One then takes the manifold X to be the disjoint union of the leaves 
of the unsjtable foliation and the fiber of the bundle E over x to be the 
space Lx{E^ ,E'^^) of linear maps from E'^{x) to E^^{x). The linear graph 
transform on the bundle E covers the original partially hyperbolic diffeomor- 
phism f\x, contracts the fiber over x by = \\Txf\E'=''\\/n^{Txf\E^) < 1, 
and expands X at x by at least = m{Txf\E") > 1- 

Since the ratio 

_ \\Txf\E'=A\/lT^iTxf\E'^) 

Xx m(Txf\E^) 

is bounded away from 1, Theorem 110.21 implies that the unique invariant 
bounded section oi a : X E is . But at the point x & X, the graph of 
the map a{x): E^{x) — > E'^^{x) is precisely the bundle E'^{x). Since E^ is 
along X, the manifold X is C^. 

Repeating the argument, using 2-jets of maps from to E'^^ instead 
of 1-jets, shows that X is . An inductive argument using the I — 1 jet 
bundle shows that X is C^, for every integer ^ < r To obtain that X is 
C^, one applies Theorem 110.21 in its Holder formulation to show that the 
[rj jet bundle is C^~L^J. The leaves of vary continuously in the 
topology because the jets of along W"(x) are found as the fixed point 
of a fiberwise contraction that depends continuously on x. This fiberwise 
contraction preserves sections that depend continuously on x, and so the 
invariant section depends continuously on x as well. 

Returning to the map fp, we see that the stable and unstable foliations 
for this map have uniformly C" leaves, and for each p £ M the leaves vary 
continuously inside of TpM in the C" topology. Moreover, since p i— > fp(p, •) 
is continuous in the topology the leaves of unstable foliation for fp also 
depend continuously on p in the topology. 
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When / is r-bunched, a similar argument shows that the center-stable, 
center- unstable and center leaves for fp are uniformly C. The condition v < 
Y is an r-normal hyperbolicity condition for the center-unstable foliation, 
which implies that the leaves of this foliation are uniformly C (see Corollary 
6.6 in [HPS] ). In this application of Theorem 110.21 the base manifold X is 
the disjoint union of center-unstable manifolds, and the bundle E consists 
of jets of maps between the approximate center- unstable and approximate 
stable bundles. The fiber contraction on ^ — 1-jets is k = z>/7^~^ and the base 
conorm of the bundle map on X is A = 7. The condition k/X = v j^^ < 1 
implies that the invariant section on ^ — 1 jets is C^, and so the center 
unstable leaves are C^, for all £ < r. As above, one obtains that the center- 
unstable leaves are uniformly C. 

Similarly the condition < 7^ implies that the leaves of the center-stable 
foliation are uniformly C"; intersecting center-unstable with center-stable 
leaves, one obtains that the leaves of the center foliation for fp are uniformly 
C^. The leaves of the center, center-stable and center-unstable foliations for 
fp along TpM also depend continuously on p € M in the C" topology. 

When k >2, and / is r-bunched, for r < A; — 1 or r = 1, another argument 
using Theorem 110.21 proves the C" regularity of the unstable bundle along the 
leaves of the center-unstable foliation. The manifold X is the disjoint union 
of the leaves of the center-unstable foliation for fp, and the bundle E consists 
of linear maps from the approximate unstable into the approximate center- 
stable bundles. Note that X is uniformly by the previous arguments, 
and the first [rj derivatives of fp vary (r — [rJ)-Holder continuously from 
leaf to leaf. Since X and E are C, we may apply the C" section theorem 
directly (without inductive arguments). 

In this case, the graph transform bundle map has fiber constant k = v 
and the base conorm A of fp restricted to center-unstable leaves is bounded 
by 7. The r-bunching hypothesis v < 77*^ implies that k/X^ < 1, and so 
the unstable bundle for fp is C when restricted to X. Moreover the jets 
of the unstable bundle along the center-unstable leaf vary (r — [rJ )-Holder 
continuously. Notice that we need k — 1 > r to carry out this argument, 
because the bundle map we consider is only C^~^ (in the fiber it is a linear 
graph transform determined by the derivative of fp, and we lose a derivative 
in this argument). 

Similarly, this argument shows that the bunching hypothesis u < 77^ 
implies that the stable bundle for fp is a bundle over the leaves of the 
center-stable foliation, and we have (Holder) continuous dependence of the 
appropriate jets on the basepoint. The details are described in [PSWl [PS Wcj 
in the case r = 1 and k = 2. The argument for general r, k is completely 
analogous. 

Step 2. We now have foliations of TpM, for each p £ M. We obtain the 
foliations , W^, W^, W^", and W^^ by applying the exponential map expp 
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to the corresponding foliations of TpM inside the ball around the origin of 
radius p. 

If p is sufficiently small, then the distribution E*{q) lies within the angular 
e/2-cone about the parallel translate of E*{p), for every * G {u,s,c,cu,cs} 
and all p, q with d{p, q) < p. Combining this fact with the preceding discus- 
sion, we obtain that property 1. holds if p is sufficiently small. 

Property 2. — local invariance — follows from invariance under fp of the 
foliations of TM and the fact that expj(p)(fp(p, f )) = f{expp{p,v)) provided 
\\v\\ < p. 

Having chosen p, we now choose pi small enough so that f{BM{p, 2/5i)) C 
BM{f{p),p) and /"^(Sm(p, 2/9i)) C Buif'^ip), p), and so that, for all 
q G Bm{p,Pi), 

q'GW;{q,pi) =^ d{f{q)J{q'))<u{p)d{q,q'), 

q'eW;{q,pi) =^ d{f-Hq),f-\q'))<u{f-\p))d{q,q'), 

q'&yVp{q,Pl) =^ d{fiq)J{q'))<^ip)-U{q,q'), and 

g'GW™((Z,/5l) =^ d{r\q)J-\q'))<l{r\p)r^d{q,q'). 

Property 3. — exponential growth bounds at local scales — is now proved 
by an inductive argument. 

Properties 4.- 7. — coherence, uniqueness, leafwise regularity and regu- 
larity of the strong foliation inside weak leaves — follow immediately from 
the corresponding properties of the foliations of TM discussed above, o 



Since there is no ambiguity in doing so, we write W^*(x), W'^"(a;), and 
W^(x) for the corresponding manifolds yV^*(x), yV^"(x), and >V^(x). If / is 
and r-bunched, for k > 2 and r<fc — lorr=l, then the collection of 
all yy* (x)-manifolds forms a uniformly continuous plaque family in M, 
but not in general a foliation. 

Henceforth we shall assume that B is the trivial bundle B = M x N . All of 
the definitions and arguments that follow can be made for a general bundle 
B by fixing a connection on B, at the expense of more cumbersome notation 
and the need to localize some of the objects, such as the fake foliations for 
F in the following lemma. Since Theorem ICl concerns the local property of 
smoothness, this simplifying assumption is benign. 

Lemma 10.3. Let k > 2 and r = 1 or r < k — 1. If F is a C'^ , r-bunched ex- 
tension of f, then we can construct the fake foliations Wf^ ^, W]^ ^, W|?^, WJ^"^ 
and W^p^^ for F and W^, %^ and for f so that: 

• for each p ^ M and z G 7r~^(p), the fake foliations Wp^ for F are 
defined in the entire neighborhood 7r^^(BM{p, p)) of tt~^{p) and are 
independent of z G 7r~"^(p); 
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• for * € {cs,cu,c}, we have: 

%,,H=vr-i (vv;(^H)), 

for all p G M, all z € 7r~^(p), and all w S 'k~^{Bm{p, p)); 

• for * E {s,u}, w;e /lave; 

^(%,.m) =w;(7rH), 

/or all p G M, a// z G 7r~^(p), and aZ/ w E 'iT~^{BMip, p)); and 

• i/ie conclusions of Proposition \10.1\ hold for the fake foliations of F 
and f . 

Proof. Let be the fiber of B. Fix po > such that the exponential map 
expp is a diff'eomorphism from BTphiiO, Po) to Bm{p,Po), for every p E M. 
Note that tt^^{Bm{p, Po)) is a trivial bundle over Bm{p, Po), for each p E M. 
Denote by BtmIO, po) the po-neighborhood of the 0-section of TM. The 
bundle pulls back via the exponential map exp: Btm{0, Po) ^ M to a 
C' bundle ttq: Bq Btm{0, po) with fiber A^. The bundle Bq is trivial 
over each fiber BxpuiO, po) of Btm{^-, Po) and pulls back to the original 
bundle B under the inclusion M ^ Bxm{0, po) of M into the 0-section of 
TM. Elements of Bq are of the form {p,v,z) C Btm{0, po) x B such that 
7r{z) = expp{v), and the projection vfo sends {p,v,z) to ip,v). Extend Bq to 
a bundle tt: B ^ TM over TM in such a way that ;B is also a bundle 
over M (with fiber x N), and the restriction of B to TpM is a trivial 
bundle, for every p E M. 

In the proof of Proposition 110.11 we define slightly differently, using 
the bundle B, rather than TB. Fix pi < po such that f {Bm{p-, Pi)) C 
BM{fip),Po), for all p E M. Let f : Btm{^,Pi) Btm{^,Po) be the map: 

f (p, v) = expj^pj o/ o expp(i;). 

The map F : B B induces a map F : if^^^BTMiO, Pi)) —>■ 7r~^(-BTM(0, Po))) 
covering f , defined by: 

F{p,v,z) = {i{p,v),Fiz)). 

Since B\tm is a trivial bundle, we can write elements of 7r^^{TpM) as 
triples {p,v,y), where v E TpM and y E Tr~^{p) = N; we can choose this 
trivialization to depend smoothly on p. We also metrically trivialize the 
fibers B\TpM of this bundle, using the product of the sup metric < ■,■ >p 
on TpM defined at the beginning of this section with the induced metric 
< •, • > on the fiber tt~^{p). If F is an r-bunched extension of /, then the 
r-bunching inequalities hold for this family of metrics on Bl^^j^ji^Q^p-j, if p is 
sufficiently small. 

Then for each p > there exists a C bundle isomorphism 

Fp: B^B, 
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covering the map fp : TM TM constructed in the proof of Proposi- 
tion [inill with the following properties: 

• Fp{p, V, y) = F(p, V, y) if < p; in particular, we have Fp(p, 0, y) = 
{fip),0,Fiy)), 

• Fpip,v,y) = {f{p),Tpf{v),Fip,pv/\\v\\,y)) if \\v\\ > 2p, 

• sup„er^A^dc"-(Fp(p,t;,-),F(p,0, •)) ^ as /) ^ 0, 

• the C' diffeomorphism Fp{p, ■,■) depends continuously on p in the 

topology. 

The construction of Fp is straightforward, once one has proven the fol- 
lowing lemma, and we omit the details. 

Lemma 10.4. Let N be a compact manifold and let {F^ : — > -/V}i.(=Bj.„ (0,2) 
be a family of diffeomorphisms of N such that {v,y) 1— > Fy{y) is . 

Then for every p € (0, 1), there exists a family {Fp^y : N ^}veB^m{o,p) 
of diffeomorphisms with the following properties: 

• {v,y) ^ Fp^^{y) is C ; 

• Fp^^ = Fy, if \\v\\ < p; 

• ^p,i> = Fpv/\\v\\, if \\v\\ > 2p; and 

• sup„giR„ dcr{Fp^v, Fq) ^ as p ^ 0. 

Proof of Lemma \10.4\ We construct Fp^^ as follows. Consider the family of 
vector fields {-'^«}„GBg™{o,2) on N defined by 

^viy) = ^|t=o^t)+to(y), 

dt 

and let ip^^t be the flow generated by X^. For v € M", let Vp = pv/\\v\\. 

For p € (0,1), let Pp-. M™' [0,1] be a smooth radial bump function 
vanishing outside of S]Rm(0, 2p) and identically 1 on i?M(0, p) with derivative 
\D(3p\ bounded by 3p. We then define: 

^ ^ ^ f^. if ll^'ll < P 

\'Pvp,f3{v)(\M-p) ° if \\v\\>p. 

Then the family {Fp^y}y^^m has the desired properties, o 

Having constructed Fp, the proof then proceeds exactly as in Proposi- 
tion 110.11 except to construct the fake foliations for F, we consider the 
bundle B over M (rather than TM over M) and take the disjoint union of 
its fibers. For p sufficiently small, Fp is partially hyperbolic and r-bunched, 
if F is an r-bunched extension of /. The fake foliations for F are constructed 
by first finding invariant foliations for Fp on B. One verifies as in Propo- 
sition [TOTT] that these foliations have the required regularity properties. To 
construct the fake foliations for F, we first restrict these foliations to the 
bundle fi-i(5TAf(0, p)) C B. Fix p e M. On jf-^{BTpM{0, p)), the pro- 
jection {p,v,z) I— > z is a diffeomorphism onto 7t^^{Bm{p, p))', the image of 
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the invariant foliations for Fp under this projection gives the fake invariant 
fohations for F on it~^{Bm{p, p))- 

To construct the fake invariant fohations for /, we take instead the im- 
age of the invariant fohations for Fp in 7r~^(i?TpM(0, p)) under the map 
{p,v,z) ^ expp(?;). This construction ensures that the desired properties 
hold, o 

Fix £ > small and let the fake foliations for / and F be defined by the 
preceding lemmas. 

Since it does not depend on z G vr^^(p) we write y^ppiw) for W*p^{w)^ 
for * G {s, cs, cu, c}. As with the fake foliations for /, for * G {cs,cu, c} 
and p G M, we will denote by yV*p{p) the plaque Wp{p) = 7r~"^(W*(p)) in 
B] it is the W^-leaf through any z G ir^^ip). 

By rescaling the Riemannian metric on M, we may assume that pi S> 1, 
so that all of the objects used in the sequel are well-defined on any ball of 
radius 1 in M. 

10.2. Further consequences of r-bunching. Here we explore in greater 
depth the properties of an r-bunchcd partially hyperbolic diffcomorphisni. 
The goal is to bound the deviation between the fake foliations Wp and W* 
for q G W*{p). In the dynamically coherent case, W*{q) and W*{q) coincide 

for q G W*(p). In a sense, the results in this section tell us that r-bunched 

systems are dynamically coherent "on the level of r-jets." 

Throughout this and the following subsections, we continue to assume 
that F is a C'^, r-bunched extension of /, where k > 2 and r < — 1 or 
r = 1. In the statements of some of the lemmas, we will remind the reader of 
these hypotheses. We fix as above a choice of fake foliations and fake lifted 
foliations (we will not specify here the choice of £ > 0, but will indicate 
where it is relevant). Let m = dim(M), s = dim£^'', u = dim£^", and 
c = dim E'^, so that m = s + n + c. 

Fix a point p G M. We introduce C local M" x x - coordinates 
{x^,x^,x^) in the p-neighborhood of p, sending p to 0, W^^{p) into the 
subspace = 0, W'^{p) into = 0, W{p) to x"" = x" = 0, W{p) to 
= x'^ = 0, and yV"(p) to x^ = x'^ = 0. This is possible because all 
of the submanifolds in question are C^. Since is a sub foliation of 
yV^"(p), and Wp is a C subfoliation of W'^'^ip), we may also choose these 
coordinates so that each leaf Wp{q), for q G yV"^"(p) is sent into an affine 
space x^ = 0,x'^ = Xq and each leaf Wp(g'), for q' G W'^^{p) is sent into an 
affine space x'^ = 0,x'^ = Xq' . 

We can choose these coordinates to depend uniformly on p. We call 
these coordinates adapted coordinates at p. Whenever we refer to adapted 
coordinates at a point p, we implicitly assume that they are chosen with a 
uniform bound on their C" size. 
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X' 




Figure 4. Coordinates adapted to the fake foliations at p. 



According to Proposition I1U.11 the leaves of the fake center, center-stable 
and center-unstable manifolds at each point z can be expressed using para- 
metrized plaque families: 

^cs . jm ^ jc+s _^ ^m^ ^cu . jm ^ jc+u _^ ^ 

and 

where >V'="(z) = Cbf{r+'^), >V^'*(z) = and VV^(2) = The 

map cD'^ is obtained from uj"^ and cD'^" using the implicit function theorem. 
We may assume these maps take the form: 

and 

Co'^,{x") = z + 0"{x"),x"), 
where G C7^(F+",]R^), /3f G C"^(F+^R«), and G C7'■(/^ and 
z I— > /?* is continuous in the topology. Moreover, we have /3*(0) = and 
cDq = for * G {cs, cu, c}. 

We now derive further consequences of the r-bunching hypothesis on /. 
The first concerns the behavior of the plaque families W*{y) for y G W*(x), 
for * G {cs, cu, c}. 

Lemma 10.5. For eachv = (O,?;',^^) G >V'^'*(0), w = {w'',0,w'') G >V^"(0), 
and z = (0, 0, z") G W'^(O), and for every positive integer i < r, we have: 

\/oPT\ = oilvT-'), I = o{\wr-'), and = oUzT'')- 

All of these statements hold uniformly in the coordinate system based at p. 
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Proof. We prove the assertion for 13^'^ ; the argument for (3'^^ is the same but 
with / replaced by f~^. The assertion for f]'^ follows from the first two. 

As in the proof of Proposition 15.21 we will use the convention that if 
g € M and j G Z, then qj denotes the point f^{q), with qq = q. For a 
positive function a: M ^ M_|_ we also use the cocycle notation described 
there. 

Endow the disjoint union Mp = \_\n>o B{p-n, p) with the C" adapted 
coordinate system based at p-n in the ball We thereby identify 

Mp with the disjoint union |Jn>o(-^™)-"- This coordinate system is not 
invariant under /, but certain aspects of it are; in particular, the planes 
= and = are invariant, as are the families x" = 0, x'^ = Xq and 
X* = 0, Moreover, we may assume (having chosen e > small 

enough in the application of Proposition 110. Ij) that for any point of the 
form (0,x*,x'^) G B{pi,p), writing /(O, x*,x'^) = (0, xf,xf), we have that 
\x\\ < v{p,j)\x'^\ and ^{pi)\x^\ < |x^| < "y{pi)~^\x^\- Similarly for any point 
of the form (x'^,0,x'^) € B{pi^i,p), writing /~^(x", 0, x'^) = (x!i]^, 0, x'i;^), 
we have that \x'^^\ < z)(pj)|x"| and 7(pj)|x'^| < jxl^^l < j{pi)~^\x'^\. 

Let Mp(l) = Un>iB(P-nA), and note that /(Mp(l)) C Mp. Let if be 
the change of coordinate 99(x", x*, x'^) = (x'^,x",x*), and let / = tpo f oip~^. 
Now write, for x G Mp{l): 



Dfix) 



Cx Kx 

where Ax : M'=+" ^ Bx'.R'-' 1^^=+", Cx : ^ and Kx:R'^ 

M*. We may assume that e > was chosen small enough in the application 
of Proposition 110.11 that for every x G f'^{B{p^n+i,l)) Pi -B(p_„,l), we 
have that m{Ax) > 7(p_n) and \\Kx\\ < i'{p-n) , and \\Bx\\ and ||Ca;|| are 
very small. The partial hyperbolicity and r-bunching hypotheses ly < ^ and 
< 7^ then imply that, for all ^ < r: 



x£M„ 



\AA \\K. 



sup max <! " ^" , " ^ ' ^ < 1 



m{Kx) m{Ax 



Fix < £ < r, and let k = max{i/7~^, uj^^}. Also fix a continuous function 
5 < min{l,7} such that k < 5^~^; this is possible since / is r-bunched. 
Consider the C^~^ induced map 

r/: Mp(l) X 4(M'=+",M^)o ^ MpX 4(M"+",M")o 

defined by: 

T/(x,j^V) = (/(x),J^V'), 
where V' € r^(M^+",M^)o satisfies: 

/(x + graph(-(/')) = /(x) + graph(-(/'') 

Lemma |6 . 41 implies that there is a metric | • |l on Jq(M^"'"", ]R*)o such that 
for all n > 0, all X G B{p_n-i, 1) C Mp(l) and all jotp,jotp' G M*)o, 
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with lioV'U, UqiI^'Il < 1, we have: 

(36) \Tf{x,joij) - Tf{x,jQ%l))\L < K(p_„)jioV' - Jo-^'Il- 

Given a point w = {w^,0,w^) E W'^"(p), we choose n € Z4. such that 
l^'^l = G((5_„(p)~^). This is possible, since 5 < 1 is a continuous function 
(remember that 6-n is the product of reciprocal values of 6, and so S-n{p)~^ 
is less than 1). The planes = 0,x'^ = Xq lie in an e-cone about the 
center-stable distribution for /. Hence under iteration by f~^, the part of 
x'^ = 0, that remains inside of Mp(l) for n iterates is a smooth 

plane that remains in the e-cone about the center-stable distribution. Write 
W-n = f~^{w) = {w'^n,0,w'Ln)- Since \'w'^\ = 0(5_„(p)~^) and \w'^\ = 
0(1), and z> < ^7 < 1, Proposition 110.11 parts (l)-(3) imply that = 
0{{>-n{p)^^) = 0(1) and \w'Ln\ = 0{6-n{p)^^J-n{p)) = 0(1); in particular, 
we have that w-i € B{p^i, 1), for i = 1, . . . ,n. 

Now consider the orbit of {w-n,joP^_J S Mp(l) x 4(R^+",R*)o under 
7j . Local invariance of the plaque family implies that 

(T/)"(^_„,i^/3-J = (^,i^/3-). 

On the other hand, since / leaves invariant the planes = 0, we have that 
^7j^ {w-n,0) = {w,0) . But now ([36]) implies that 

b^/3^riL < ^-n(p)-^ij^/3r_jL 

On the other hand, k < 6"^'^, and \w'^\ = Q{6-n{p)~^)- This implies that 
|jg/3™| = o{\w'^\'^~^), completing the proof of Lemma [10.51 o 

The next consequence of r-bunching we derive concerns the discrepancy 
between the leaves of the real and fake stable (or unstable) foliation originat- 
ing at a given point. To state these results, we introduce a parametrization 
of the fake stable and unstable foliations as follows. We are interested in the 
restriction of the fake stable foliation W| to the center-stable leaf W^'^{x). 
As above, fix an adapted coordinate system at p. Proposition 110.1] implies 
that Wp is a subfoliation when restricted to W^^{p). We are going 
to give a different parametrization of W^^{p) to reflect this fact. Recall our 
definition above: a)^*(x'^,x*) = z + {P^'^ {x'^ , x^) , x^ , x'^) , and (2'™(x'^,x") = 
z + (x", /?^"(x'^, x"), x'^). Using the implicit function theorem, we can write 
instead: 

cl^f (x^ x^) = z + (/3f '«(x^ x^), x^ /3f '^(x^ x^)), 

and 

(x",x^) = z + (x"/3^'^(x^x"),/3^'^(x^x")), 
with the property that for flxed x'^ € I^: 

c:>f(x^r) = W|((i-(x^0)), and d^Tix^H = ^zi^Tix^O)), 
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and such that z ^ /3f = G CXP x F,R"+^) and z ^ = 

{i^VjV) G C"'(/^ X are all continuous in the C topologies. 

We may further assume that /^^''^(x^, 0) = = Pz'^{x'^,0). Our choice 
of coordinates also implies that /3q = and /3q = 0. Finally, note that 
odf{0,P) =WI{z) = W'{z,p) and w^"(0,/") = >V1'(2) =>V"(z,/)). 




Figure 5. Parametrizing the fake unstable foliations at (0,0,2;'^ 



Fix ^ I^. We are interested in the deviation between the true stable leaf 
Q ^c)({0} X P) and the fake stable leaf Cjq^{{z'^} x I^); this is measured by 

the distance between the functions /3^^q q ^c-jCO, •) and /3g(2:^, •) at a point x'^ G 

P . We are interested not only in the C'^-distance between these functions, 
but in the distance between their transverse jets. By our choice of coordinate 
system, we have that (5q is identically 0; hence we will estimate just the jets 
of /3^*Q g in the x^ direction at x'^ = and a fixed value of x^ . 

Lemma 10.6. For z^ G P, x^ G P and x^ G /" we have: 



and 



o{\z^ 



o[\z- 



for every i < r. 
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Remark: Consider the transversals x" = and to the folia- 

tions Wq and VV"qq^c)- If we restrict to the space = x** = inside the 
first transversal (which corresponds to the center manifold W^{p)), then the 
holonomy map for Wplyy^u^p) to the second transversal is trivial in these 
coordinates, sending (0,0, x'^) to (xq,0,x'^). If we consider instead the holo- 
nomy map for q lvvci,(o o z'^) between these transversals, then the point 
(0, (x^O),z^ + x'^) is sent to (xj^, /J^g q_^,)(x^ x^)) The ^jet of this holo- 
nomy at (0,0,2;'^) (measured in the x'^ coordinate) is precisely the quantity 
Jo ^x'^ I— > ^c)(3;'^, Xq)^ estimated by Lemma [10.61 

Proof of Lemma \10.(A We continue to adopt the conventions and notations 
in the proof of Lemma 110.51 we define Mp and Mp[l) as in that proof, and 
use the same coordinate system defined there. We prove the assertion for 
the proof for is the same, but with / replaced by f~^. 

Denote by /o the restriction of / to |Jn>i ^^(^'-n) ^ ^p(l)i which we 
regard locally as a map from I'^ to I"^. We now focus attention on a single 
neighborhood B(p^n, 1); for some fixed n > 1, and regard x"^ G I"^ as coor- 
dinatizing x" = 0, x* = and (x", x*"'"'^) C x = J™ as coordinatizing 
points in this neighborhood. 

In local coordinates respecting the decomposition J*" = /" x I^^^, write: 

/(x",x^+'=) = (/4x",x^+'=),/,,(x",x^+^)). 

In a neighborhood of each point, this map acts on graphs of functions 
from I"^ to M^'^'^ by the usual graph transform, which is a contraction on the 
fibers of vr^'O : ji(/", M'*+^) ^ jO(/",M^+^) = x R^+^ Unstable manifolds 
for / are sent to unstable manifolds under this graph transform, and, locally, 
fake unstable manifolds are sent to fake unstable manifolds. For each point 
(0,0, z'^) € I™, we will consider a family of such 1-jets, expressed as 
a function of the coordinate x^ transverse to the fake unstable foliation in 
yV^'^{p-n) = {x^ = 0}; we study the variation of such graphs through points 
(0, 0, z'^ + x'^) near x^ = 0. 

The space of all such £-jets of 1-jets at the point x'^ = is the bun- 
dle J^(J|„(/",M*+'')). Elements of this "mixed jet bundle" are of the form 
jo(j^ti/3), where P{x'^,x^): I'^ x I"^ — >■ M*+'^ is defined in a neighborhood 
of {0} X the map P{x'^,-) is C^, and the map x'^ i-^ j^uP{x'^,-) is C^. 
In particular, if f3 is C^~^^, then this property is satisfied. We denote this 
space T(,{r, V}^ (/", R^+'=)) of such local functions by L^oj^^^ (/^ x r, ]R^+^). 

We also denote i^(ji«/3) by jj^^/? and the bundle J^( J|4/", M"+^)) by 

Note that in our parametrization f]"^ : I"^ x I'^ x ^ P^^ of the fake 
unstable subfoliations, the set P^{x^, /") is the leaf of W" through the point 
(j^"(x^0) = z + (0,/3^"(x^)); if z = (0,0, z^), then the unique point of 
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W" intersecting x" = is of the form {0,x^,z^ + x^). Because the sets 
{x" = 0, x'^ = const} are invariant under / in our coordinate system, the 
image of the point (0, x*, z'^+x^) is of the form (0, x*', fo{z'^+x'^)). This is the 
unique point on the leaf of VVj^^-j intersecting x" = 0, which in turn hes in the 

set Pj^^^-^iifoiz^' + x^) — fo{z^)} X I^)- We wih thus define the natural action 

of / on F X r'|o\x/"(^' X I'^J"^") so that it sends (^o, /5^o o ..O^^^'^ ^ ^")) 
to (/o(^o),/3/(o,o,.=)({/o(^' + ^') -/o(^'=)} X I")). 

For gTx r^o}x/"(^'' X we would like to define the map 

r(z^/3) G r^o}x/-(-^'' /",M'+'^) implicitly by the equation 

(37) T(^^ /3) (/o(z^ + x^) - /o(z^), A(x", /3(x^ x") + (0, z'))) 

(38) = /.c(/3(x^x") + (0,z^)) - (0,/o(z^)); 
if such a map exists, then we will have: 

^(^^/?^o,o,.=)(^^^")) = /3ro,o,/o{.=))(/o(^'= + - /o(^^),/"). 

To check local invertibility, we must check that the map 

5.c(x^x") = (/o(z^ + x^) - /o(z^),/n(x^/3(x^x") + (0,Z^))) 

on /'^ X /" is invertible in a neighborhood of (0, x"). The derivative of this 
map at (0, x") is 

O«.(0,:.-)=(°«^') 
where 

^ = |^(/3(0' + (0' ^')) + ^(^"' + (0' ^')) ° ^(0' 
and 

^ = ^(^"'/5(0>-") + (0,-^))o^(0,x"). 

This map invertible if ^?r(0, x") is sufficiently small. Let T{z'^, (3) be defined 
by ([37j) on this subset. 

Next, for < £ < — 1, consider the map 

T/'1 : r X X /«, R^+-) ^ M'^ X J^^^^ (r x /«, 

defined (in a neighborhood of the 0-section) by 

7-/' (^^Jo = (/o(^^), (JL(.^..)'r(.^/3))) . 

Recall that we have been working in a single coordinate neighborhood 
B{p-n, !)• We combine these definitions of over all neighborhoods to 
define a global map 



T/^: □(rxJ^^„ij^,„(rx/MR^+'=)) 



n>l 
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'{0}x 
n>0 

(where the —n subscript denotes the neighborhood B{p-n,p) in the disjoint 
union). This map is fiberwise (7^~^~^ (in particular, it is if £ < k — 1) 
and has the property that T^''^{z, /^^^^^s^P^) = {f{z),jg^,(^Q^^u)Pf^^)). 

A calculation very similar to the one in the proof of Lemma [6.4l shows that 
there is a norm | • |l on •/|o}x/"(-^^ ^ such that, for all n > 0, z'^ G 

I'ln-l: € Itn-l, and all j(^Q^^u^P, j(^[}^x")P' ^ "^{o} x /" (-^'^ ^ ,^'^^'^) -n-l 
sufficiently close to the 0-section, we have: 

(39) |T;'^(.^4;,.)/3)-T;'^(.^4;^„)/3') 

(40) < K{p. 



where k = max{z^/(77^), i//(77)}. The r-bunching hypothesis implies that 

K <1. 

Having made these preliminary estimates, we finish the proof of Lemma 
110.61 Fix < i <r and a continuous function S < min{l,7} such that: 

K < S^~^ and z>7"^ < \ 

this is possible since / is partially hyperbolic and r-bunched. Fix a point 
G /'^ and an integer n > such that \z'^\ = 0((5_„(p)~^). Let z = 
(0,0, z'^) G I™. By our choice of n, we have that for < i < n, \ fQ^{z^)\ < 
^-i{p)\z'^\ < 7_j(p)0((5_„(p)~"'^) <C 1, if \z'^\ sufficiently small (uniformly in 
p). Thus we may assume that z-i = /^*(z) G Mp(l), for < i < n. 

Next, fix a point Xq G and consider the point w = a)^"(0,Xo) = 
{xq, Pz'^{0, Xq), z^ + /3"'^(0, Xg)), which is the point of intersection of the 
unstable manifold }V'^{z) with For < i < n, write W-i = 

{w'Li^w^iiW^-i)- Since w lies on the unstable manifold of z, which is uni- 
formly contracted by /~^, and since Z-i G Mpil) for < i < n, we have 
that w-i G I'^i for < i < n. 

We also will use a sequence of "twin points" in our calculations. The 
twin w' is defined w' = (xo,0,z'^); notice that w' G Wp{z). We then set 
w'_^ = f~^{w'), and write w'_^ = (w"/, 0, t«^/), for < i < n — 1. Since 
w G W"(z), and w' G VVpiz), it follows that 

\W-n - W'_J < \w.n - r"(2)| + k-n " < 2l>_„ (p)- I • 

The vector w — w' lies in a cone about the center-stable distribution for 
/ at w'. Since this cone is mapped into itself by Tf~^, acting as a strict 
contraction, it follows that W-i — w'_^ lies in this cone as well, for < i < n. 
Recall that vectors in this cone are contracted/expanded under / by at most 
7~^. Since \w-n — w'-n\ = 0(i>_„(p)~^), it follows from a simple inductive 
argument that \w-i — w'_,-\ = 0(z>-_„(p)~^7j(p„)~^ |xq |), for i = 0. . . ,n. In 
particular, \w - w'\ = 0(i>_„(p)"^7„(pn)~"^kol) = C>(z>_„(p)~^7_„(p)|x"|o). 
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Since 1)7^^ < 6^, and {z'^l = @{6-n{p)~^), we obtain that \w — w'\ < 
\x^\o{\z''\''). Butw-w' = (/3"''(0,x"),0,/3r'''(0,x")), and so we have shown 
that l/^^lOjX^)! < Ixg |o(|z'^|''), proving the lemma for the case £ = 0. 

We next turn to the case I > 1. Consider the points {zl^, j^^^^^ )l3z_„) 

and (^^„4I^.^,)0) in (/- x x 

To simply notation, we write "T" for Tjf'^ and j^^lP^ for j^^Q^u ^Pz^^- The 

notation | • |/, is the fiberwise norm on /"^ x J^ly^y^juil'^ ^ defined 

above (hence \{x,jy^ = |jy Having fixed this notation, we next 

estimate, for < i < n: 



" L 



< |T(zi„i!:,^/3")-r(zi„i5;^„^)0)| 



We estimate the first term in this latter sum using (j39p : 

\{zu,/4n-nzu,jlo)^^_^0L < k{p..)\/_iIp^\l. 

The second term is estimated using two facts. First, we have that the map 
T is fiberwise (since i < r < k — 1), and so 

iT(zi„ j[o;^„^)0)-r(zi„ j[„;^„^,^o)u = o{\w^,-wu\) = o{u.n{p)-%{p-nr'). 

Second, we note that T i(o^t„^^'))0) = (z-i+iJlo^^o^^^^')^^- Hence: 
\nz-iJlo,u.u^)0)\L < |T(zi„jg^^^)0)-T(zi„j[Q;^„^,))0)|i 

= 0{i)^n{py'li{P-n)-'), 

for i = 0, . . . ,n. Combining these calculations, we have, for < i < n: 

\j%An \l = 0(k(p_,)) ! J^'/3" \L+Oil^^nipr%iP-n)-'). 

By an inductive argument, we obtain: 

n 

\jo'\h\ = O{^K,.r.{p)-'0-n{p)-'li{P-n)-') 
i=0 
n 

= o(^ k-n{pf"''i^i-n{py^T>i{P-n)li{P~ny^) 
i=0 
n 

= o(^ di-nipY^^'h-nipy^HP-nY) 
i=0 

= 0{5.n{pY-l. 
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where we have used the facts that k < ^, and u/j < 6^'. Since \z'^\ = 
@{6-n{p)~^), and recalhng our notation for JqI-uP^, we obtain that 

(41) \jo'\h\ = \/o%P':\ = o{\zr-'), 

for all G I". 

We are not quite done yet, as (j4ip is not exactly what is claimed in the 
statement of Lemma flO.61 To finish the proof, we note that if (3 is C^~^'^, then 
by the equality of mixed partials, we have that j^.„^^u(jfc=o/^) ~ ^oUx}^(^) ~ 
jnl.uB. The quantity we want to estimate is 

Jo {^'^ /^(0,0,2<=)(^'^'^")) 

Consider the function Q: ^ Jq{MP,W-~^'^) given by 

The value C{xq) can be obtained by integrating its derivative along a smooth 
curve 7(x"), tangent to yV"(2;), from to . But note that, since is 
a C^"*"^ function, we must have j^uC = Jox^Pi (SH) implies that CC^^o) — 
|xq I • odz'^l^'"^), for all Xq € This completes the proof of Lemma ll0.61 o 

We remark that the same estimates hold for the lifted fake foliations Wp 
if F is and r-bunched, for k >2 and r = lorr</c— 1. 

10.3. Fake holonomy. In the discussion that follows, we define holonomy 
maps for various fake foliations between fake center manifolds. Because we 
are interested in local properties, we will be deliberately careless in refer- 
ring to the sizes of the domains of definition. For example, if x and x' lie 
within distance 1 on the same stable manifold, and r and r' are any smooth 
transversals to W| inside W^*(a;), then there is a well-defined W| holonomy 
map between a /o'-ball Bt-{x,p') in r and r', if p' is sufficiently small. We 
will suppress this restriction of domain and just speak of the W^^'-holonomy 
map between r and r'. This abuse of notation is justified because all of 
the holonomy maps we consider will be taken over paths of bounded length, 
and all foliations and fake foliations are continuous. Hence the restriction 
of domain can always be performed uniformly over the manifold. This will 
simplify greatly the notation in the sections that follow. 

Let x M and x' € W^{x, 1). We define a C" diffeomorphism 

as the composition of two holonomy maps: first, >V| holonomy between the 
C manifolds yV^{x) and W^'^{x) n W^"(x'), and second, the W"/ holonomy 

between >V^^(x) n >V^"(x') and >V^(x'). 

We also define for x' € W^{x, 1) the lifted fake holonomy map 
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by composing Wp^ holonomy between Wp{x) = it ^{W^ix)) and yVp{x) D 
W^{x') = TT-^W^^x) n and W^^^, holonomy between Wf (x) n 

Wfix') and W^{x') = 7r-^{W%x')). Lemma [103] implies that vr o ,,,) = 
h{x,x') ° ^• 

We similarly define, for x M and x' E VV'"(x, 1) a map 

as the composition of W" holonomy between W'^(x) and W'^"(x) fl W'^'*(x'), 
and W^/ holonomy between W'^"(x)n>V'^*(x') and >V'^(x'). Finally, we define, 
for X G M and x' G >V^(x, 1), 

to be the natural lift of h^^^i^, as above. 

Proposition llO.il parts (6) and (7) and Lemma 110.31 immediately imply: 

Lemma 10.7. Suppose f is and r-bunched, for some k > 2 and r < k — 1 
or r = 1. Then for every x (z M and x' € W*{x, 1), for * € {s, u}, the map 
h{x,x') is a diffeomorphism and depends continuously in the C" topology 
on (x, x') . 

If F is a , r-bunched extension of f , then H(^^^^i-^ is a diffeomorphism 
for every x £ M, x' G W*(x, 1), and * E {s,u}and depends continuously in 
the C topology on (x,x'). Moreover, ifj-^. j,/-) projects to h^^^^i^ under tt. 

The definitions of h and H readily extend to {k, l)-accessible sequences by 
composition (cf . Section S] for the definition of accessible sequence) . Note 
that any sii-path corresponds to an {k, l)-accessible sequence if one uses 
sufficiently many successive points lying in the same stable or unstable leaf. 
Lemma 14.51 implies that if / is accessible, then there exists a Ki E Z+ such 
that any two points in M can be connected by a {Ki, l)-accessible sequence. 
For S = {yo, . . . , yk) a {k, l)-accessible sequence, we define kg : W^i^yo) — > 
W^(yfc) by hs = \y^_^^,y^) o ••• o h{.y^^y^) and -^5: W^(yo) ^ y^piVk) by 

Lemma 10.8. If F and f are and r-bunched for k > 2 and r = 1 or 
r < k — 1, then hs and are diffeomorphisms that depend continuously 
in the topology on S. 

We next define the notion of a shadowing accessible sequence. This con- 
cept will be crucial for proving that the C diffeomorphisms Hg can be 
well-approximated by homeomorphisms that preserve the image of any sat- 
urated section a. ^ 

Let X be an arbitrary point in M, let x' G W^{x, 1), and let y G W'^(x). 
The shadowing accessible sequence {x,x')y is defined as follows. Let w" 
be the unique point of intersection of W"(2/) with |J pCyc^ /-i ^^^^(z), and 
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y 



X 




Figure 6. The shadowing accessible sequence {x^x')y. The 
distance between y' = h(^^,j.i'j{y) and y" = h(^^^x'){y) is 
0{d{x,yY); the distance between x' and y' is 0{d{x,y)) (see 
Lemma I10.9P . 



let y" be the unique point of intersection of W/^^(u)") and W^{x'). We 
set {x,x')y = {y,w",y"); it is an accessible sequence from y to a point 
y" € W^x'). See Figure 6. 

We have defined {x,x')y for x' € W"(x, 1) and y € W^{x). Similarly, 
for x' G >V*(a;, 1), and y S >V^(x), define the shadowing accessible sequence 
{x,x')y = {x,w" ,y"), where w" is the unique point of intersection of W^{y) 
with U2gvv=(a:') ^ioc(-^)' ^'^'^ i^ Unique point of intersection of W;"^(w") 

and VV'^(x'). It is an accessible sequence from y to a point y" G W^{x'). 
Notice that (x, x')y is a (2, 1) accessible sequence, whereas (x, x') is a (1, 1)- 
accessible sequence. We may regard (x, x') as a (2, 1) accessible sequence by 
expressing it as (x,x',x'). Then it is natural to say that {x,x')y (x,x') 
as y — >■ X. 

We extend the definition of shadowing accessible sequences to all (k, 1)- 
accessible sequences by concatenation. This defines, for each (k, l)-accessible 
sequence S connecting x and x', and for each y G W'^(x), a {2k, l)-accessible 
sequence Sy connecting y to a point y' G S'^{x'). The {k,l) accessible se- 
quence may be regarded as a {2k, 1) accessible sequence by repeating the 
appropriate terms in the sequence. With this convention, we have that 
5y ^ 5 as y — > X. Let K = 2Ki; henceforth we will restrict our attention 
to {K, l)-accessible sequences. 

Now, for x' G >V"(x, 1) or x' G W*(x, 1), we define the map: 



: y^'{x) ^ W^(x') 
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by h(^x,x'){y) = fT'{x,x')y{y)'i ill other words, h(^x,x') sends y to the endpoint of 
{x,x')y. Notice that h^x,xy is a local homeomorphism, but not a diffeomor- 
phism. However, we will show that has "an r-jet at (Lemma llO.Qp : 

we will make this notion precise in the following subsections. 

Similarly define H^y. W^{x) W^(x') for x' G >V"(x,l) or x' G 
W^{x,l) by 'H(^x,x'){^) = 'H(x,x')^f^^i{z)- The definitions of h and H ex- 
tend naturally to {K, l)-accessible sequences by composition; for iS a {K, 1)- 
accessible sequence from x to x' , we denote by /15 : W'^(2;) ^ W"^(x') and 
TCs- Wp{x) Wp{x') the corresponding maps. 

Note the simple observation that if 5 is a {K, l)-accessible sequence from 
X to x', then hs{x) = x' = hs{x), and for every z G 'k^'^{x), Tls{z) = Hs{z). 

The next lemma is an important consequence of Lemmas 111). 51 and 111). 61 
It tells us that the endpoint of the accessible sequence (x, x')y is a very good 
approximation to h[x,x'){y)^ and this is true even on an infinitesimal level. 

Lemma 10.9. If f is and r-bunched, for k > 2 and r = 1 or r < k — 1, 

then for every {K, 1) accessible sequence connecting x to x' , every y G W^{x), 
and every integer < i < r: 

\\4hs-4hsJ=oidix,y)''-'). 

Moreover, if F is also and r -hunched, then for any z € tt^^{x) and 
any w € Bb{z, 1) PI TT^^{y): 

\\jins-jinsJ = o{d{z,w)>^-'), 

where the distance is measured in a uniform coordinate system containing 
the su-path 75. 

Proof. This is almost a direct consequence of Lemmas 110.51 and 110.61 in the 
previous subsection. We prove it for accessible sequences of the form S = 
{x,x') with x' £ yV"(x, 1); the general case follows easily. 

Fix X, x' G W^{x, 1) and y G W'^{x). Write {x, x')y = (y, w" , y"), as in the 
definition. Let v' be the unique point of intersection of VV^(j/) and W^^{x'), 
and let v" be the unique point of intersection of W^{y) and W"^*(x'). See 
Figure 7. 

Fix a coordinate system adapted at x as in Subsection 110.21 sending x 
to the origin in I™, yV'="(x) to {x' = 0}, >V^"(x) to {x" = 0}, W%x) to 
{x^ = 0}, {x" = 0}, and sending the fake foliations VV||^cs(^.) and 
to the affine foliations {x" = 0, = const} and {x* = 0,x" = const}, 
respectively. Suppose that y corresponds to the point z = (0, 0, z^) and y" 
corresponds to the point z" in the adapted coordinates at x. 

In the coordinate system at x, we parametrize W^{x) by x'^ 1— > uJq{x^) = 
(0,0, x'^) and W^{y) by x^ 1-^ ^^(x'^). Similarly we parametrize W^{x') by 
x^ 1-^ (0, 0, x^) and W^{y") by x^ 1-^ Ldz"ix^)- We want to compare the £-jets 
of x'^ 1-^ .j,/)(0, 0, x'^) with x^ 1-^ h{x,x')y ° '-^zi^'^) at the point x*^ = z'^. We 
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Figure 7. Points in the proof of Lemma fTOTQl 



first observe that, by Lemma [10.51 we have that j^cUJzix'^) = o{\z'^\'^ ^) = 
o{d{x, yY~^); hence we are left to compare the £-jets of the holonomies h(^x,x') 
and in the coordinates adapted at x, at the point z. 

We write the maps ^ compositions of several holonomy 

maps, and we compare the distance between the ^-jets of the corresponding 
terms in the compositions. First, we write 

where /i" : W^{x) — > W^'^{x) D W^'^ix') is the W"-holonomy and /i^, is the 
W*, holonomy between W^"(x) fl yV^'^{x') and W'^(x'). Next, we write: 

where /i^ ^ : W^{y) W^'{x) n h^: W^'{x) n ^ W'"(y) n 

W^'{x') and /i^^^ : W'="(y)nW'="(x') ^ W'="(y)nW^"(y") are holonomies, 

and /i^„ : n yV^"(y") ^ W^iy") is W^„-holonomy. 

The term hy ^ in the second composition is expressed in the charts at x by 
the map {Lb^{x^),x^) i— > {x^,0,x^), where {x^,x^) are defined implicitly by 
the equation Pz'^{x'^,x^) = 0. Lemma fl . 5 1 implies that |jj;ccj™ — jzccDg"! and 
Ij^ctj^ — j^ccjqI are both o{\z'^\Y^^, and so in these charts, bz^^j — jf^t^l = 
o(|z'=|)'-^. 

We may choose the coordinate system adapted at x so that x' is sent to 
the point (xq,0, 0) and yV'^*(x') is sent to x" = Xq, and we may do this in 
a way that the C size of the chart is bounded independently of x, x'; this 
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uses the fact that p W^^^p) is continuous in the topology. Consider 
the and Wy holonomies between = and corresponding to 

the holonomies 

: W'^^ (x) ^ W"' (x') , and /i^ : W"' (x) ^ W"' (x') 

In the coordinates at x, these maps are expressed by the functions 

(0, x", x") ^ u^'ix', x"), and (0, x", x'^) ^ (x^ x") 

Lemma [10.61 implies that |j^ca)^**(-, x") — jz'^ojQ^i-jX^) = o{\z'^\Y~^; in the 
charts at x we therefore have: 

\MK)-Uh-)\ = o{\z^\y-' = o{d{x,rr-'). 

Consider the image points v' = h^{y) and v" = hy{y) of these two ho- 
lonomy maps in M. Since the distances d{v',v") and d{v',y') are both 
o(k'^r) = o{d{x,yY), the transversality of the bundles in the partially hy- 
perbolic splitting implies that d{v",w") and d{w",y") are also o{d{x,yY) 
(see Figure 7). Hence the distance from y" to x is 0{d{x',y') + d{y\y")) = 
0{d{x,y) + d{x,yY) = 0{d{x,y)), and similarly d{x,v") and d{x,w") are 
0{d{x,y)). 

We are left to deal with the final terms in the compositions above: /i^„ o/i^ ^ 
and /i^, . All of these are C" holonomy maps over very short distances, on 
the order of o{d{x,yY)- It follows that their £-jets are close to the iden- 
tity ~ within o{d{x, yY~^) ~ once we have shown that the transversals on 
which they are defined have £-jets within o{d{x, yY~^) of the vertical folia- 
tion {(x'^,x") = const}. 

Lemma [10.61 implies that the £-jets of W"^"(x') and W^'^{x) coincide along 
W"(x). In particular, in these coordinates, VV'^(x') and the plane {x^ = 
0, x" = Xg} are tangent to order ^ at x'. Furthermore, since d{x',v"), 
d{x',w"), d{x',v"), d{x',y') and d{x',y") are all 0{d{x,y)), Lemma [10.61 
implies that the manifolds >V™(y) n >V'^"(x') , >V'='^(x) n >V'=^(x'), W'^"(y) n 
yy^iy') and W^{y") can all be expressed in the coordinates adapted 
at X as graphs of functions from {x" = Xg,x^ = 0} to /^+" whose £-jets 
at v", v', w", y' and y" respectively, are o{d{x,yY~^)- Hence all of the 
the transversals for /i^^,, /i^,, and hy„ have £-jets within o{d{x,yY) of the 
vertical foliation {(x'^,x") = const} at their basepoints in the compositions. 
It follows that \f^4hp, o hl^,)-ji„id\ = o{d{x,y)Y-' and \ji,K, - f^,id\ = 

o{d{x,y)Y~^, and so \ fyh{x,x>) - jlhx,x')y \ = o{d{x,y)Y~^, as desired. 
The proof for the maps 'H[x,x') and 'H(x,x')y are completely analogous, o 

10.4. Central jets. Let {N,B,tt,F) be a C^, r-bunched partially hyper- 
bolic extension of /, for some k > 2, where B = M x N. We fix Rie- 
mannian metrics on M and N. Let exp: TM — > M be the exponential 
map for this metric (which we may assume to be C°°), and fix /9o > 
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such that expp is a difFeomorphism from Btpm{0, Po) to Bm{p,Po), for ev- 
ery p E M. As in the proof of Lemma 110.31 the bundle B pulls back via 
exp: BxMiO, po) ^ M to a C' bundle ttq: Bq — >■ Btm{0, po) with fiber 
A^, where Btm{0, Po) denotes the po-neighborhood of the 0-section of TM. 
As in the proof of Lemma 110.31 we fix, for each p £ M a trivialization of 

Bt a/(o,po)' depending smoothly on p E M. Any section a: M ^ B oi B 
pulls back to a section a: Btm{0, po) Bq via a{v) = {v,a{exp{v))). 

Let TM = © be a C°° approximation to the partially hy- 
perbolic splitting for /. Observe that TM is a bundle over under 
the map vr'^ : TM E" that sends v"" + v'' + v'' & E''{p) © E''{p) © E^{p) to 

g E'^{p). This splitting will give us a global way to parametrize the fake 
center manifolds W'^(p). 

If / is r-bunched, for r = lorr < A; — 1, and the approximation 
TM = E'"" (B E^ (B E^ to the hyperbolic splitting is sufficiently good, then 
Prop osition 1 1 . 1 1 implies there exists a map g'^ : i3^c(0, p) — > BtmIO, po) with 
the following properties: 

(1) / is a section of tt^: Btpm{0,p) B^,{0,p), 

(2) the restriction of g"^ to B^^^^^{0, p) is a C embedding into TpM, 
depending continuously in the topology on p € M; 

(3) for p G M, the image g'^{B^^^^^{0, p)) coincides with exp~^(>V^(p)). 

Let n'^ = ir'^ o n : Bq ^ B^^{0, p). The bundles and the relevant maps are 
summarized in the following commutative diagram. 




BeMp) 

Note that fr'^: Bq Bj^^{0,p) is a C'' bundle. A different choice of expo- 
nential map or approximation to the partially hyperbolic splitting gives an 
isomorphic bundle and a different section g'^' related to the first by a uniform 
graph transform on fibers. 

Consider the restriction Bo^p of Bq to any fiber B^^^^ (0, p) of B^^ (0, p) 

over p G M. For every positive integer ^ < r, we define a C''~^ jet bundle 
J'^ M whose fiber over p G M is the space Jo(vr^: Bo^p —>■ B^^, s(0, p)). 
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Suppose now that a: M ^ B is a section of B, and that i < r. We say 
that a has a central £-jet at p if there exists a local section s = Sa,p G 
Topl*'': ^o,p -Sbc(p)(0,/))) such that, for all v G B^,^^^{0, p)): 

(42) dN{pmi^ o 5- o g''{v), proj^ o s{v)) = o{\vf). 

It is not hard to see that a: M ^ B has a central ^-jet at p if and only if 
the restriction of a to W^{p) is tangent to order £ at p to & local section 
a' : W^{p) B. If £7 has a central £-jet at p, for every p G M then o" induces 
a well-defined section j^a'^ : M that sends p to j^s^^p. We call j^ir'^ 

the central £-jet of a, and we write jp<T'^ for the image of p under j^a'^. It 
is easy to see that the existence of a central ^-jet for a is independent of 
the choice of smooth approximation to the partially hyperbolic splitting and 
independent of choice of exponential map. In general there is no reason to 
expect the central £-jet j^a'^ to be a smooth section, even when a itself is 
smooth, because g'^ is not smooth. 

Remark: If a has a central ^-jet at p, then (in a fixed coordinate system 
about p), a has an {£—1, 1, C) expansion on W^{p) at p. If j^a'^ is continuous, 
and the error term in (j42p is uniform in p, then C can be chosen uniformly 
in a neighborhood of p. 

In the proof of Theorem [Cl we will focus attention on the pullbacks 
iT^lcTTr/ N of /T^ to various fake center manifolds over M. The central obser- 
vation we will make use of is that, for each x £ M, there is an isomorphism 
Ix between the bundles J'^ly^c^^^) ^^'^ ^^(vr: -Syyc^^,) W^{x)). To com- 
press notation, we will write J^(>V^(x), A^) for J^{tt: By^^^^-^ W^(x)). For 
X G M, the isomorphism Ix- J'^\y\}c(^x) ~^ J^{W^{x), N) is defined: 

IxiyJoi') = jli^d^c^x)' P^'^JAf oil^oTT^o exp-^). 

10.5. Coordinates on the central jet bundle. Fix i < r. We describe 
here a natural system of C"*^^ coordinate charts on J'^ based on adapted 
coordinates on M. 

Let (B (B i?" be a C°° approximation to the hyperbolic splitting 
to M. Fix a point p € M and let {x^,x'^,x'^) be a adapted coordinate 
system on Bm{p-,p) based at p. Next fix C' local trivializing coordinates 
(x'",f'^) G M™ X M'^ for E^ over Bm{p,p)^ covering the adapted charts at 
p and sending B^^{fd, pi)\b^{j,,p) to I™ x P. Let {x,v) e I"^ x I"^ be the 
corresponding charts on BxAiiO, Pi)\BMip,p)- these charts, the projection 
n'^ sends {x"^ , v"^ , , v'^) to {x"^,v^). 

We choose these charts such that the exponential map on BxAiiO, pi) over 
Bm{p,p) in these coordinates sends {x'^,v) to + v € I"^ (these charts 
are not isometric, nor do they preserve the structure of TM as the tangent 
bundle to M, but they can be chosen to be uniformly C). Also fix 
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coordinates {x"'',q) G M™" x N ioic B over Bm{p,p) sending vr ^{BmIp, p)) 
to X N, with 7r(x"^,g) = x"". ^ 

The induced coordinates on Bq over i5gj(0, /3o)|bjv^(p,p) form 
(x",^*,^'^ + v'^,v'^,q) e I"^ X N. We may further choose these coordinates 
so that, TT and tt'^ are the projections onto the x /"^ and coordinates, 
respectively. These coordinates give a natural identification of J^\b(p,p) with 

i"'x4{r,N). 

Finally, for each point q (z N, we fix C' coordinates € M", sending q 
to and Bj\[{q, p) to In this way, we define, for each z G Bq, an adapted 
system of coordinates {x'^,x^,x^ + v'^,v'^,z") G R"* x R'^ x M" sending z to 
and Bg^^{z, p) to I'^ x P x T . 

In local coordinates, each element of can thus be uniquely represented 
as a tuple (x™, p), where re™' G i™' and p G -P^(c, n). If a has an £-jet at p 
for every p, we can thus represent locally the section j^a^ as a function from 
7"^ to P^{c,n), using the adapted charts in a neighborhood of cr{p). 

Consider the set I" x 4{P,N). We may regard this natural object 
associated to p G M in either of two ways. First, P x J^iP, N) embeds as 
the subset {x" = 0,a;'' = 0} x Jq{P,N) in an adapted coordinate system 
for J'^\b{p,p)7 which gives an identification of P x Jq[P,N) with iT^lyyc(p-)- 
Second, in the same adapted coordinate system, wc have the identification 
of P X J^{P,N) with J^{W''{p),N). We will use both identifications in 
what follows. We can further put local coordinates on P x Jq{P,N), as 
follows. Given a point z G 7r~^{x), wc fix an adapted coordinate system 
(x*^, z") ^ P X P for 'Wp{z), sending z to 0. This gives local coordinates 
(x^p) ^Px P\c, n) on P X Jq{P,N) sending z (regarded as an element 
oiJ^{P,N)^4iP,N)) to (0,0). 

Let us give a name to these adapted coordinates and define them more 
precisely. For z G fix an adapted chart (^^ : I™" x P ^ Bq{z,p) at z, 
sending (0, 0) to z, sending {x" = 0, x'' = 0} to Wp(z), and so on. We may 
further assume that the projection I'^ x P ^ is conjugate to tt under ip. 
The maps (pz induce adapted coordinates (pz = vroc^^o'-' BM^T^iz), p) 

at vr(z), where l is the inclusion x™" (x"^,0). Wc will denote by cD^ 
the parametrization of manifolds in the (pz coordinates. Let 9z '■ P 
^E-{niz))(^'P) be defined by: 

^,(x^) = 7r^oexp-i^)(<^,(0,0,x^)). 

We now define the parametrizations rjz and Uz of the bundles JT"^ | 

W=(7r(z)) 



IW=(7r(z)) 

and J^{W{tt{z)),N) discussed above. Let rj^: P x P^{c,n) J^^i^i^^^ be 
defined by 



■qzix", p) = ((/^;,(0,0,x^),i^ (^^fic(^^(o,o,,,c)),<^z(0,0,^^ \ piOz ^ - x^)). 
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(recall here that elements of ^?o,p are of the form {v,z) G Bj^^^^-^{0, p) x B 

with expp(t;) = 7r(z)). Finally, let ly,: T x P\c,n) J\W^{tt{z)), N) be 
the map: 

Mx", p) = 4,(o,o,x-)('^^ ° P (proj/c o (p-'^ - x"))). 

We make all of these choices uniformly in z. Strictly speaking, all of these 
parametrizations are defined only on a neighborhood of the zero-section in 
P^(c, n), but as with the holonomy maps, we will ignore restriction of domain 
issues to simplify notation. 

Recall the isomorphism ^^|yyc(2,') ~^ J^(W^{x), N) constructed in 
the previous subsection. For w G yVp{z,p), consider the map Iz,w- I'^ x 
P^{c,n) P y. P^{c,n) given by Iz,w = i^w^ ° I-k{z) ° Vz- We have con- 
structed these coordinates so that Iz,z = 'i'dicy.pe(^c,n)- The following lemma 
is a direct consequence of Lemmas 110.51 and 110.51 

Lemma 10.10. For every z ^ B and w € 'Wp{z,p), and £ < r, we have: 

\joIz,w - 3oidicy,pe(^^^^)\ = o{d{z,wy-^). 

10.6. Holonomy on central jets. Let 5 be a {K, l)-accessible sequence 
from X to x' . In this subsection, we will define, for each < £ < r, and each 
{K, 1) accessible sequence from x to x\ two bundle maps 

n's- f'{W''{x),N) ^ j\W''{x'),N) 

and 

we will make use of the identification 1^ between J^(VV"^(x), A^) and J^\y^c(^-^ 

to compare these maps. (Recall that "J^(VV"^(x), A^)" is shorthand notation 
for the jet bundle J^-k: 0^,^^.^ ^ Y^^x))). 

The map Ji^g is just the action on £-jets induced by the diffeomorphism 
7^5, defined by: 

Then 'W'g is a bundle map, covering hs (see Section [6. 3p . Lemma llO.81 
implies: 

Lemma 10.11. // F and f are and r-bunched for k > 2 and r = 1 or 

r < k — 1, then Hg is a C^~^ diffeomorphism that depends continuously in 
the C^~^ topology on the {K, \)-accessihle sequence S. 

Fix a point z G 7r~-'^(x) and let z' = 7is{z). In coordinates on J^(VV'^(a;), A'") 
and J^{W^{x'), N) induced by the adapted coordinates at z and z', we have 
a map 

7^1^^ = o o z., : r X P^c, n)^Px P\c, n). 
Similarly, if S connects x and x' , we set hs,x{x'^) = V^x'^hs o ip^: p —> p. 
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Writing P^{c,n) = nf^QL*j^„(M'^, M"), we have coordinates 

{x", p) (x^ po,..., pe) 

on I" X P^(c, n), where pi = L>j.cp. Denote by p)i the L*j^^(M^ M")- 

coordinate of TY^ ^(a;'^, p), so that 

p) = (hsA^'')M'sA^^ p)o, • • • , p)^), 

where p)o = HsA^"^ Po)- 

The fohowing is an immediate consequence of the discussion in Section [6l3l 

Lemma 10.12. For every £ < r, there exists a C^'~^ map 

such that, for every (x'^, p) G M'^ x P^{c,n), we have: 

^5,2(^^ P)t = R^x", Po, . . . , p£-i) + Q^A x", Po) • Pe o {D:^'^ 'hs,zy^- 

We have now defined, for each (K, l)-accessible sequence 5 connecting x 
and x', a natural lift of the C diffeomorphism Tls- V^pix) — > yVp{x') to 
a C"--^ diffeomorphism 7^|: J^(W^(x),iV) ^ J^(>V^(x'), A^) on the corre- 
sponding central ^-jet bundles. We have also derived in Lemma 110.121 the 
important fact that Ti^ has an upper triangular form with respect to the nat- 
ural local adapted coordinate systems on J^{W^{x), N) and J^{W^{x'), N). 

Our next task is to define, for each (K, l)-accessible sequence S from 
X to x', a lift of the homeomorphism 7is: Wp{x) — > Wp{x') to a map 
Hgi c7^|yvc(2,) — ^ •^^lw=(x') ^it^ essential properties: 

• Tig and are tangent to order r — £ at x, under the natural iden- 
tification of J^{W^{x),N) and J^lyyc^^y 

• Ti^g preserves central ^-jets of bisaturated sections of B. 

Recall that for x' £ yV^{x,l) or x' G yV"(x,l), we defined h(^^y^{y) = 

h(x,x')y{y) ™d '^{x,x')iz) = (-^)! then extended this definition 

to {K, l)-accessible sequences via composition. We further extend this defi- 
nition to central £-jets. If 5 is a {K, l)-accessible sequence from x to x' , we 
set: 

where Ix- ^^lyyc^^) — > J^{W^{x), N) is the previously constructed isomor- 
phism. Clearly we have that H^: J^\y^c(^^-^ ^^\yv''(x') ^ covering 
l-isi under the projection i7^|yyc(a,) ^ 7r^^(W'^(x)) = Wj7.(x). 

We now address the first important property of 7^^: order r — £ tangency 
to 7^^. For 5 connecting x and x', we set h^^xix'^) = fA °'Px- I'^ ^ I^i 
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and for z G 7r^^(x), we define 

= o o r?, : r X P\c, n) ^ r X P\c, n), 

wliere z' = 7is{z) = 7is{z). Chasing down the definitions, we see that in 
jc ^ p^(c, n)-coordinates, the map Tig ^ takes the form 

where = (/J2(0, 0, x''), 2;(a;'=,po) = (^2(0, 0, x'^, po), and the maps I^,^ 

are defined in the previous subsection. 

Hence, by the definition of 'H^, the difference \1-Lg Jyx'^ ^ p) — "H^ z^^'^ ^ P)l 
can by estimated by bounding: 

• and bf/i^' -i^(x^po)^i^,o)' "^^'"^^ 

both o(|(j;'^, po)|''~^), by Lemmas 110.51 and I10.9t and 

which are both o|(x^, po)|, by Lemma [10.101 
We thereby obtain: 

Lemma 10.13. Let S be a (K, l)-accessible sequence from x to x' , and let 

Z € TT~^{x). 

For each x'^ ^ I'^, p G P^{c,n) with |p| bounded, and for every < £ < r 
we have.' 

p) - p)i = po)r'). 

In this sense, the maps and are tangent to order r — ^ at x. 
As mentioned above, another important property of TC^ is that it preserves 
central £-jets of saturated sections. 

Lemma 10.14. Let a: M ^ B be a bisaturated section. Then for ev- 
ery {K,l) -accessible sequence from x to x' , and any y € W^[x), we have 
ns{a{y))=a{hs{y)). 

If, in addition a : M ^ B is Lipschitz and has a central i-jet jya'^ at y 
for some 1 < i < r, then a has a central i-jet O't ^s{y); afirf- 

Proof. Fix X G M and 5 connecting x to x' . Let a: M ^ Bhe a bisaturated 
section. It suffices to prove the lemma in the case where x' G W"(x, 1) and 
5 = (x, x'). 

Let y G W^(x). By definition of 7^^, the value 7is{o{y)) is the endpoint 
of an SM-Iift path for the foliations Wp and Wp, covering the path (x,x')y. 
The endpoint of {x,x')y is hs{y). It follows immediately from saturation of 
a that Hs{(T{y)) = a{hs{y)). 

Next assume that a is Lipschitz and has a central ^-jet JyO"^ at y, for some 

\ < d. < r. This means that the restriction of a to W'^{y) is tangent to order 
i at y to a local section a' : W^{y) B. Let y' = h(^x,x')y{y) = h(^x,x'){y)- 
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Consider the images of a and a' under H(^x,x')y- Since 'H[x,x')y is a 
difFeomorphism and covers the diffeomorphism hf^^^^i^^ , the local sections 

'H{x,x')y ° cr ° K^,x')y ^^'^ '^{x,x')y ° ^' ° H^,x')y ^''(y') arc tangent to 
order i at y'. 

Since 7^^^ is defined by the induced action of 7^^^ on W^{y), it suffices 
to show that the local sections T~L{x,x>)y °^°'^~(xx') '^!vv'=(j/') tangent to 
order I at y' . If this is the case, then a\rT-,^,, , and Tii^ „i\ oa' o h7^ 

are also tangent to order £ at y'; since the latter section is C^, this implies 
that a has a central £-jet at y' , and moreover that jyicr'^ = Ti-j^ 

Lemma 110.91 implies that for all z G W^{x), 

dB{'H(^x,x'){<y{z)),'H(x,x')y{<y{z))) = o{d{a{y),a{z)Y); 
since a is Lipschitz, we obtain that 

dB{'H{x,x'){<y{z)),'Hi^x,x')y{<y{z))) = o{d{y,zY). 

We have already shown that for all z G W"^(x), H(^x,x'){^{^)) = '^{^{x,x'){^))- 
Hence dB{a{h(^x,x'){z)),'H(x,x')y{(^{z))) = o{d{y,zY), and so 'H(x,x')y ° ° 
Ixx') '''lvv'=(y') tangent to order r at y'. Since £ < r, this completes 
the proof, o 

10.7. curves. The final tool that we will need in our proof of Theorem [Cl 
is the concept of an ii^'^-curve. As in the proof of Theorem [Bl we will use an 
inductive argument to prove that a bisaturated section has central ^-jets. In 
the inductive step of the proof of Theorem [Bl we prove that the £-jets are 
Lipschitz continuous, and using Rademacher's theorem, we obtain i + 1 jets. 
The analogue of that argument in this context would be to show that j^a'^ 
is Lipschitz and then apply Rademacher's theorem. As mentioned before, 
this is not possible, since the function g"^ is not Lipschitz, even along W^- 
manifolds. What we have shown in Lemma 110.51 is that g'^ and its jets are 
Lipschitz along yV"^(x) at x, and what we will show in our inductive step 
here is that j^a"^ is Lipschitz along W^{x) at x, for every x G M. This leaves 
the question of how to apply Rademacher's theorem to obtain anything at 
all, let alone I + 1 central jets. The answer is curves. 

An E^ curve is simply a curve in M that is everywhere tangent to E^. 
Such curves always exist by Peano's existence theorem, but we ask a 
little more: that they be C. Rather gratifyingly, there is a simple way 
to construct such curves, and when / is r-bunched, Campanato's theorem 
(Theorem 18. 2 p implies that they C^. If a function s is Lipschitz along W^{x) 
at X, for every x M, then for any E^ curve it is not hard to see that s 
must be Lipschitz along C, and so differentiable almost everywhere. What 
is more, if a section a has a central ^-jet j^a'^, then restricting j^cr'^ to an E'^ 
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curve C gives the actual i-jet for a restricted to C if ^Ic is C^. We will use 
both of these properties of curves in our proof of Theorem ICl 

Lemma 10.15. Let f be and r-bunched, where k > 2 and r = 1 or 

r < k — 1. Let V be a coordinate neighborhood of p, and let Pp^ : V W^{p) 

be a C submersion. For any C" curve 1) ~^ W^{p) with ^{0) = p, 

there exists a (or C^~^'^ if r > 1 is an integer) curve (— 1) M 
such that, for all t € (—1, 1); 

(1) c(t)=p-(c(t)), 

(2) c'(o) = C'(o), 

(3) C'(t) G E^m), 

(4) diCit),at))<0{\tn, and 

(5) \C^'^Ht)-C^^\t))\ < o(|t|''~^), for alll<£< r; what is more, the dis- 
tance between the i-jets o/>V^(C(t)) at C{t) and the i-jets o/>V^(C(t)) 
at C{t) is o{\t\''-^), for alll<l<r. 

Moreover, for each y € V there is a submersion Py^ : V — > W^{y) 
with the following property. For each s,t E (—1,1), there exists a point 
Xs € W^{C(t)) such that Xg is connected to P^^-^-^iCit + s)) by an su-path 
whose length is o{\s\'^), and such that: 

(6) properties (l)-(5) hold for the curves Ct{s) = C{t + and Ct{s) = 

(7) d{xsXt{s)) = o{\sY). 

All of these statements hold uniformly in x ^ M . 

Proof. Let C, be given and assume without loss of generality that C, is unit 
speed. We may also assume that we are working in C"^ local coordinates and 
that is projection along an affine plane field E'^'^ transverse to E^. This 

planefield then defines for each y € M a smooth projection p*" : V W"^(y). 

The curve C, induces a vector field on (p*")~"^(C) by intersecting E^ with 
{Dp^^)~^(C,), (note that the two distributions meet transversely in a line- 
field). Integrating this vector field, we get the E^'^-curve C,. Clearly Q satisfies 
properties (l)-(3). 

To prove (4), we show first that for every s and t, the distance between 
C(i + s) and the p^^^^ -projection of C,{t + s) onto W^iQit)) is o{\sY). The 
proof of this fact is very similar to the proof of Lemma 110. 51 

Let w = C,{t), let x = C,{s + t), and let x' = p^{x). Let y be the unique 
point of intersection of yV"(x) with U2gvvc(^) Wf„^(2;), and let y' e W^{x) 

be the unique point of intersection of W;"^(y) and W'^(x) Similarly, let z 
be the unique point of intersection of VV^{x) with U2£vv=(a') 

let z' G W^{x) be the unique point of intersection of yVi^^{z) and W^{x) 
(note that y' and z' do not necessarily lie on (, but this is not important). 
Note that, because p^ is smooth, the distance between x' and xq is 0(|s|). 
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Figure 8. An E'^-curve ( and its shadow ( 



Continuity of the partially hyperbolic splitting and transversality of i?'^" to 
E'^ then imply that d{y', w) and d{z\ w) are also 0(|s|). We are going to show 
that y) and d{x^ z) are both o(|s|^); continuity of the partially hyperbolic 
splitting and transversality of E'^'^ to E"^ then imply that d{x, x') = o(|,s|'""'"'^). 

Assume that we have fixed a continuous function 5 < {7, 1} satisfying 
^1)7"^ < 7*"; this is possible because / is r-bunched. Choose n > 1 such 
that |s| = Q{6n{w)). Apply /* to the picture, for i = l,...,n. Since 
X is connected to xq by a curve everywhere tangent to E'^, the distance 
between x-i and Wi is 0{6n{w)'ji{w)^^). Since y' lies on W^{w), the distance 
between Xi and y'^ is also 0{6n{w)^i{w)^^); these numbers are less than 
1 for all i = 1, . . . , n. So the distance between x„ and is less than 
d{xn, w) + d{y'n, w) = 0{6niw)%{w)~^). 

Since y £ W^{y'), the distance between y„ and y'^ is 0{i'n{w)). But 
1-bunching implies that i^niw) = o{6n{w)^n{w)~^), and so the distance 
between y„ and Xn is 0{6n{w)'jn{w)~^). Now apply /~" to this picture. 
Since x„ and y„ he on the same unstable manifold, the distance between 
their inverse iterates is contracted by P at each step. Thus d{x, y) = 
0{vn{w)5n{w)^n{w)~^). But we chosc SO that 5z>7~^ <Y- Hence ^(x, y) = 
o{^n{w)~'^) = o{\sY). A similar argument replacing / by shows that 
(i(x, z) = o(|s|''). Setting t = we obtain conclusion (4). 

To show that C, is C" we use Theorem 18.21 Note that for each t € (—1,1), 

the projection P^^f^C onto VV"^(C(t)) is the same as P^^t)C; iii particular, p'^^t)^ 

is uniformly C, since C, and p^^ are C, and W'^(C(i)) is uniformly C"^, by 
r-bunching of /. But the previous calculation now implies that there exists a 
constant C > 0, and for every t G (— 1, 1), a C function p^^^-jC ^ 1) M 
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such that: 

dipll^Cit + s),Cit + s))<C\s\^, 

for every s G ( — 1, 1). Theorem 18.21 imphes that C is C" (or C"""^'^, if r > 1 
and r is an integer). 

The proof of item (5) is very similar to the proof of Lemma 110.51 and is 
left as an exercise. 

Conclusion (6) of the lemma is immediate from the previous calculations. 
The proof of conclusion (7) is very similar to the calculation above, and is 
also left to the reader, o 

Remark: In fact E^^, E^"^ and E^ are all C" along E^'^-curves. The proof 
uses Campanato's theorem again. This time the smooth approximating 
functions are parametrizations of the manifolds W^* and W^". 

11. Proof of Theorem O 

Suppose is a and r-bunched extension of / where k > 2 and r = 1 
OT r < k — 1, and let u: M — > i3 be a bisaturated section. The first step of 
the proof is to show: 

Lemma 11.1. a has a central \r\-jet at every point in M, and j^'^^a^ is 
continuous. 

Proof. We prove the following inductive statements, for i G [0, [rj]: 
li. a has a central ^-jet at every point. 

11^. The central i— 1-jets of a along W^{x) are Lipschitz at x, uniformly 

in X G M, for i>l. 
III^. The restriction of a to E'^ curves is uniformly C^. 

We first verify Iq-IIIo. Statement IIq is empty. Since a is bisaturated. 
Theorem 14.21 implies that a is continuous. This implies Iq-IIIo- Now assume 
that statements I^-III^ hold, for some £ £ {0, . . . , [r\ — 1}. 

The central ^-jets are continuous. We note that J'^ is an admissible 
bundle; the holonomy map for the accessible sequence S for x to x' is just 
the restriction of the map 7^^ to the fibers J^^\{x} ^^'^ ■^^\{x'}- Lemma riO.141 
implies that if a has a central £-jet fa'^, then j^a'^ is a bisaturated section 
of J^. Continuity follows from Theorem 14. 2[ 

The central ^-jets of a along W^{x) are Lipschitz at x. We first show 
that for every x, the restriction of j^a'^ to W'^(x) is Lipschitz at x (where 
the Lipschitz constant is uniform in x). 

By Lemma 14.41 each point x G M has a uniformly large neighborhood 
Ux and a family of [K, l)-accessible sequences {Sx,y}y^Ux such that Sx,y 
connects x to y, Sx,x is a palindromic accessible cycle and \\m.y^x Sx,y = Sx,x-, 
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uniformly in x. We may assume that yV^{x) is contained in the neighborhood 
Ux- _ 

We fix X = xq and xi G W'^(xo) and choose a sequence of points Xi G Uxq 
as follows. Let Ux^ and {Sx,y}y£Uxg be given by Lemma 14. 4[ For each 
i > 1, given Xi G Uxq, the accessible sequence 5j = 5xo,Xi determines a 
map hi := /i^. : W'^(xo) — > W^{xi), satisfying Xj = hi{xo). We set Xj+i = 
/i,(xi) G VV^(x,). 

We now write things in adapted coordinates. Let : Uxq P^{c,n) 
be the function satisfying jya^ = ^^.(j^) (p^(y)). Then p^ assigns in adapted 
coordinates the appropriate central ^-jet of a to each point in Uxq- We are 
going to show that the restriction p^ : W^{x) P^(c,n) is Lipschitz at x. 

Let TC% : — > J'i- be the lifted "true holonomy on jets," which 

covers hs^ and let 7^|^ : J^(W^(xo), iV) ^ J^(W'=(2;i), A^) be the lifted "fake 
holonomy on jets," which covers hs- . This defines maps = Hi , ^ and 
= T^k-M on X P\c,n). Write nf{v,p) = {hi{v) , Hf {v , p)) and 
nl{v,p) = {hi{v),Hf{v,p)). Observe that v?^(^^)(0, 0, 0) = for all i > 0; 
let fj+i G I'^ be the point satisfying (/?o-(^.)(0, 0, fj+i) = Xj+i. Note that 
\vi\ = 0{\xi - xo\), \vi+i\ = 0{\xi+i - Xi\), and Vi+i = hi{vi), for all i > 0. 

Then, since j^a'^ is bisaturated and continuous (and hence bounded) 
Lemma 110.141 implies: 

nliO, piixo)) = (0, piixi)), and H^ivi, piixi)) = {vi+i, pS(x,+i)). 

By definition of and Hf, we have H^iO, p^(xo)) = 'HI{0, p^(xo)); further- 
more. Lemma 110.131 implies 

(43) \nl{vi, piix,)) - nlivi, pi{xi))\ 

(44) < o(|xi - x^r' + ip^i(xi) - p^n^o)r-'). 

Now Lemma [10.111 implies that Tif is C^'~^, and uniformly close to the iden- 
tity map, since Sxq^xo is palindromic and Sxo^y Sxa^xo as y ^ xq, uniformly 
in Xq. 

Lemma [l0.12l then implies that for every i with |xi— xo| = 0(1), there exist 
linear maps , Ai = Dhi{0) : W W, Bi = D^H^{0, p^(xo)) : ^ P^(c, n) 
and d = Dp^H^{0,pi{xo)): P^{c,n) P^(c,n), such that 

(45) Vi+i = hi{vi) = Ai{vi) + o{\vi\), 
and 

Hi{vi,pi{xi)) -Hi{Q, pi{xo)) = Bi{vi) + d{pi{xi) - pi{xo)) 

+o{\vi\ + \pi-\xi)-pi-\xo)\) 
Moreover, we may assume that, for all i with |xj — xo| = 0(1): 

(46) \\Ai - Id^c\\ < Wd - /(ipf(c,„)|| < ^, and \\Bi\\ < ^. 
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By the inductive hypothesis Ilg, the central (£ — l)-jets of a along yV^(x) are 
Lipschitz at x. Hence |p^~^(xi) — p^~^(a;o)| = 0(|xi — xo|), and so combining 
(gSI) and 1^ we obtain 

ii7)H,ivi,piixi))-H,iO,piixo)) 

(48) = B^{v,) + Ciipiixi) - piixo)) + o{\xi - xol). 

(Notice that when £ = the |p^~^(xi) — p^^~^{xq)\ terms do not appear in 
these expressions, and so Lipschitz regularity of a is not an issue. This is 
due to upper triangularity of H.) 

The proof now proceeds as the proof of Theorem [Bj Notice here that we 
do not need to assume a priori that a is ; the reason is that the derivatives 
of Til are upper triangular, (unlike the maps in the Proof of Theorem [B]) 
which allows for more precise estimates. We choose N = 0(|xi — xol""*^). 
By (US} and ([M]), this choice of ensures that \xn — xq\ = 0{1). Summing 
()47p from i = to — 1, we obtain: 

N-l N-l 

Y,H,{vupi{xi))-H,{0, piixo)) = {Y.B,){v,) 

i=0 1=0 

N 



-iYa){pUxr) - piixo)) 



i=l 



+No{\xi-xo\). 

Equation ([43]) implies that Y^i^o^ Hi{vi, pi{xi)) - Hi{0, pi{xo)) = 

N-l 



i=0 

+No{\x,-xor') 



N-l 



= Yl - P^(^i) + ^o(|xi - XoT ^) 

1=0 

= piixN)-pi{xi) + No{\xi-xor^). 

Hence, since r — I > 1: 



^(pUxn) - piixi)) 



+ (^^ E (Pii^^) - pU^o)) + o{\xi - xol 
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Rearranging terms and taking norms, we get 

N 

1=1 

i=0 

using and the fact that is continuous, and hence bounded. Again 
using (H6I1 we have that 

> llpii^i) - pi{xo)\- 

Combining the previous two estimates, we get: 

\piixi) - pi{xo)\ < l(o{^) + ^\ixi-xo)\+o{\xi-xo\) 
Finally, since = @{\xi — xo|), we obtain that 

\piixi) - pi{xo)\ = O(|a;i-xo|), 
which is the desired estimate. This verifies II^+i. 

(T is Lipschitz. If £ = 0, we know that a is Lipschitz at x along W^{x) 
leaves, for every x, and differentiable along leaves, and leaves, with 
the partial derivatives continuous. This readily implies that a is Lipschitz. 

a has a central + l)-jet at every point. We fix a uniform system of 
C^' submersions p*": Vx — > yV^{x) defined in coordinate neighborhoods in 
M. We define curves using these submersions. 

Lemma 11.2. j^a'^ is uniformly Lipschitz along E'^ curves. 

Proof. This is a straighforward consequence of Lemma 110.151 and the fact 
that j^a'^ is Lipschitz along W^{x) at x, for every x € M. 
o 

Fix an E'^ curve C} inside of a coordinate neighborhood V . Since j^a'^ 
is Lipschitz along C}, it is differentiable almost everywhere. Fix a point 
xi = C^{t) of differentiability. Then j^a'^ has a partial derivative along C,^ 
at xi. Let {Py^ : V — > W^{y)}y£v be the system of submersions in the 
neighborhood V given by Lemma 110.151 Consider the C" curve Cxii^) '•— 
P^°C^{t+s) in W^{xi). Lemma [10.15l implies that for each s, there is a point 
Xs G W^{C{t + s)) that is connected to Ci^(s) by a su-path S whose length 
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is o(|s|''). Since j^a'^ is bisaturated, we have that ji^cr'^ = {s)'^'^^' 
Lemma 110.61 imphes that 

= 0(length(5)) +0(d(4vV^(x,),j|,^(^^W^(Ci,(s)))). 

Lemmas UniS] (5), imphes that d{jiW%Xs), f,^ ,VV^(Cii (s))) = cd^T'^O. 
Hence: 

d(4(,)<^^ jIct^) = o{W) + o{\sr') = o{\sr'). 

Since j'^o"^ is Lipschitz along 'W^{C,{t + s)) at C,{t + s), we also obtain that 
~ 0{d{xs,C{t + s))) = o(|s|^'). Thus, in local coordinates, 

we have: 

since I <r — \ and j'^cr'^ o is differentiable at x\ = ({t), this implies that 
j'^o"*^ is differentiable at xi along the curve in ^^(2:1). 

Let and {<Sy}y£U:c^ be the family of accessible sequences given by 
Lemma |4.4[ Since j^a'^ is bisaturated. Lemmas 110.131 and 110.141 imply that 
the image of under Ti-gi is a C" path Q in yV"^(y) along which j^a'^ 

is differentiable at y. Furthermore, y 1— > is continuous at xi in the C 
topology, and and the derivative of j^cr^ along Cy at y is continuous at xi. 

Now choose another E'^ curve through xi, quasi-transverse to (that 
is, such that the tangent spaces to and at xi are linearly independent). 
Again j^a'^ is Lipschitz along (^^, and we choose a point of differentiability 
X2. Since j;i is a point of continuity of the curves {C,l}yeUxi > '^^ may assume 
(by choosing X2 close to xi) that and are quasi-transverse at X2; hence 

and = PxiC^ are quasi-transverse curves in W^{x2) along which j^o"'^ 
has partial derivatives at X2- 

Let and {^^jyefy^^ given by Lemma [4.41 for the point X2- Ap- 
plying the fake holonomy 7i^2 to the transverse pair of curves Q2 Cx2 > 
and reusing the label Cy now to denote the curve Tl^2 o ^J;^, we obtain a 
family of pairs {{Cl:Cy)}y€Ux2 °f quasi-transverse curves along which j^a'^ is 
differentiable at their intersection and such that y 1— > (Q,C^) is continuous 
at X2 in the C topology. 

Repeating this procedure c = dim(i?'^) times, we obtain a point Xc, a 
neighborhood Ux^ of Xc, and a family of c-tuples of curves {{Q, • • • , Cy)}yGr/a:c 
such that, for each y £ Ux^'- 

(1) the curves ((f^, . . . , C,y) contain y and lie in W^{y)] 

(2) the tangent lines to (Q, . . . , Cy) at y span E'^; 

(3) j^a'^ is differentiable at y along Qy, 

(4) the map 2; 1-^ (Q, . . . , C^) is continuous at Xc in the C topology; and 
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(5) for each i, the partial derivative of j^a'^ along Q at z is continuous 

We claim that this implies that j^cr^ is differentiable along VV'^(xc) at Xc- 

Lemma 11.3. Let he given as above. Then for every z G yV"^(xc), there 
exists a path r] from x'^ to a point w in M with the following properties. The 
path 7] is a concatenation of Q"^ paths rj = CjCl'^'Cc? with d{w,p^J^{w)) = 
o{d{z,XcY) and d{pl!^{w) , z) = o{d{z,Xc)). 

Proof. Denote by Q the C* curve anchored at y (so that Cy(0) = u)- Starting 
with Xc, we take the union Vi := \J„^pi Co- Similarly, for z > 1, we define 

Vi+i := [jq^-p.Q'^^- The quasi transversality of the curves C,^,...,C,'^ 
every point and continuity of Q at y = x'^ implies that there exists a point 
w' G Px^iVc) with d{w',z) = o{d{xc,z)). Fix a point w G {pi^)~^{w') n Vc- 
Tracing the C*-curves in Vc back from w to Xc produces the desired path 
r/ from Xc to w. An inductive argument using Lemma 110.151 shows that 
d{w',w) = o{d{xc, zY). o 

Let us see how this implies that j^a^ is differentiable along W{xc) at Xc. 
This is essentially the same as the proof that a function with continuous 
partial derivatives is C^. We will use: 

Lemma 11.4. For every y €z V and every pair of points zi,Z2 G yV^{y): 

d{jiy,jia') = 0{d{zi,Z2) + d{zi,yY-' + d{z2,yY-'). 

Proof. This follows from the facts that j^a'^ is saturated and Lipschitz along 
curves, and that p^" has the properties given in Lemma llO.lSi o 

Working in local charts on yV^{x'^) sending x'^ to 0, we may assume that 
the curves Cl<^ are unit speed and correspond to the axes r\ijtj{x^ = 0}. 
Define constants a' = a*(xc) G Pg (c, n), for i = 1 . . . , c by 

a,= limJjVoC;)'(0). 
We now define a linear map ^: M*^ — > Pq{c, n) by 

c 

A(ti, ... ,tc) = y^^ajtj. 

i=l 

We claim that this map is the derivative of j^a'^ along VV^(xc) at Xc. Let z G 
W^(xc) be given, and consider the path r] from Xc to w given by Lemma [11.31 
Let vi = 0, and write rj = ■ Q.^ ■ ■ ■ for i = I, . . . c — 1, let ti satisfy 
Cliiti) = ■Wj+i = C^\(0)i and let tc satisfy CSc(*c) = w. The length of the 
curve r/ is 6(X]i=i l^d) = &id{xc, z)). Lemma [10.51 readilv implies that the 
distance between the £-jets of W^{w) at w and ^V^iPx^iw)) at pf^iw) is 
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o{length.{riY ^) = o{d{xc, zY ^). Since j^o"'^ is bisaturated and Lipschitz, we 
obtain from Lemma 110.61 that 

'^(jV.ifeH^') = O(d(«;,p-H))+o(d(x„z)r0 
= 0{d{x„zY)+o{d(x„z)Y-') 
= o{d{xc,z)), 

where we have used the facts that d{w,pl!^{w)) = o{d{z, XcY) and i < r — 1. 
Also, since d{z,p^^{w)) = o{d{z, Xc)), Lemma [11.41 imphes that 

d(Jfc^^4-(^)f^'^) = o{d{z,Xc)), 

and so 

d{ji(^^,£(^l = o{d{z,Xc)). 

Using the fact that j^a'^ has a directional derivative along each subpath 
of 7] at its anchor point Vi = Q.{0), and writing things in local coordinates 
sending x'^ to 0, we obtain that: 

c 

j=l 

= ^(jVocy(o)-t. + o(ki) 

i=l 

= A{z)+o{\z\). 

Hence j^a'^ is differentiable along W^{xc) at Xc, with derivative A. 

Now we have that j^a'^ is differentiable at Xc along W'^(xc), we can spread 
this derivative around using TC^, and we get that the derivative of j^o"'^ along 
yV^{x) at X exists for every x and is a continuous function on M. We still 
need to show that a has central i + 1 jets, with uniform error term. 

The derivative of j^a'^ at x gives a candidate j^Y^a'^ for a central i + 1 jet 
at x; the £ + 1st coordinate in j^^^cr'^ is just the derivative at x along of 
the £th coordinate of j^o"'^. To show that a has a central £ + 1-jet at x, we 
must show that for every v G B^^^^^{0, p): 

(49) djv(projjv OCT 0/(7;), proj^ojf+i(T"(t;)) = o(|t;|^+i). 

We first note that j^a'^ is differentiable along E'^ curves. To see this, let 
be an curve in M. For each t ^ I, Lemma 110.151 implies there exists 
a C curve Ct in W^iQitY with Ct(0) = C,{t) and such that and C,{s + t) 
are tangent to order r at 0. Furthermore, the previous arguments using 
saturation of Ya show that the distance between Y^t , j-\Cr'^ and ji , n'^ is 

o{\s\'^~^). Since j^a^ is differentiable along (^t at s = 0, this implies that j^a'^ 
is differentiable along C(s + t) at s = 0. Since t was arbitrary, we see that 
j^a'^ is differentiable, and in fact C^, along C,. 
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Our induction hypothesis imphes that a is along E'^ curves. We next 
observe that, for any E'^ curve C,, the £-jet of a o at t G / satisfies: 

(50) proj^v ° it (o" o C) = projTv ° jl^t)^" ° j((t)i'^'' ° ^^P^lt)) ° ^tC- 

To see this, let Q be given by Lemma [10.151 Since C(t + s) and Ctis) have 
the same [rj jets at s = 0, and a is Lipschitz, the functions a o Q{s) and 
cr o (^(s + 1) have the same £-jets at s = 0. But the definition of central £-jets 
implies that: 

dNipToij^ o cr o Ct{s), projjv o i^^(Q)Cr'' o vr'^ o exp7^|^^ o Q{s)) = o{\sf); 

from the naturality of jets under composition, (j50p follows immediately. 

Now, since both j^'a'^ and j^(vr'^ o exp~^) are differentiable along E'^ curves, 
it follows that a is C^'^'^ along every E'^ curve C, and by Taylor's theorem, 
the i + 1 jets of cj o C are given by the formula 

(51) jf+i(a o C) = iJ+V^ o jjj;(vr'= o exp-ip o f+^C 

Finally, let v € B^^^^^{0, p) be given, and let y = exp^g'^{v) £ W^{x). Fix 

a geodesic arc ( in W^{x) from x to y, with (f(0) = x and ^(1) = y. Let ( 
be the curve given by Lemma [10. 151 tangent to order r to C at C(0) = ^• 
Equation (j5ip now implies that 

c?Jv(projivoo-oC(t), proj^v oj^'^^o-^'M) = c'd^^l'^^^)- 

Since d{C{t)X{'t)) = o(|tt'|''), and o" is Lipschitz, we obtain (|19|) . Hence cr 
has a central £ + 1 jet at x, and it is given by j^+^a'^. We have verified both 
le+i and III^+i. 

Proposition 11.5. a is . 

Proof. If r = 1, then we have already shown that the 0-jet of a is differen- 
tiable along W^{x) at x, for every x, and this derivative varies continuously 
at M. Since a is along the leaves of W and W", this readily implies 
that fj is C"^. 

Assume, then that 1 < r < k — 1. Let i = [rJ , and let a = r — We first 
show: 

j'^fj'^ is at x along W^{x), for every x € M. The proof is a slight 
adaptation of the proof that j^a'^ is Lipschitz at x along W'^(x), for every 
X G M, for £ < r; the central observation that allows one to modify this 
proof is that H^{x,p) still covers the diffeomorphism Hs{x,p), and for 

i > 1, Hg[x,p)i is a-Holder continuous in the (x, po)-variable, and C°° in 
the (pi, • • • , p^) -variables. (See the proof of part II of Theorem [Al as well). 
We omit the details. 

a has an {J,a,C) expansion at x along W^{x), uniformly in x G M. 
This is essentially the same as the proof that a has a central ^-jet at every 
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point for £ < r, except one sharpens the estimates on the remainder of the 
Taylor expansions along curves, using the a-Holder continuity of the 
central £-jets. 



The section a is C*. Since r-bunching is an open condition, as is the 
condition r < k — 1, hy increasing r slightly, we may assume that r is not 
an integer. 

We have shown that a has central £-jets, and that j^a'^ is a-H61der con- 
tinuous. Fix a point p G M. The fake center-stable manifolds W^'^{x), for x 
in a neighborhood U of p, form a continuous family of C = C^'" embedded 
disks. ^ 

Fix X in this neighborhood U, and consider the foliation 

of the plaque W^^{x) by fake stable manifolds. Since a is saturated, 
it is C'^ along W^{y), for any y G M. In particular, it has a (l,a,C)- 
expansion along W^{y), for any y. For y G W^{x) corresponding to {0,0, x'^) 
in adapted coordinates at x. Lemma [10.51 implies that the distance between 
u;^QQ^c)(0, X*) and a)o*(x'^,x*) is o{d{x,yY). Since a is Lipschitz, and a 

has a (£, a, C)-expansion along cD^q q ^c)(0, x*) (which corresponds to W^{y)), 

this implies that a has a {l,a, C)-expansion along yV*(y) (corresponding to 
Ld'Q{x^,x^)) with an error term that is on the order of d{x,yY . 

Next consider the family of plaques {W^(y)}ygvv<=s(a.) defined by W^{y) = 
W^^{x) n VV"^"(y). This forms a continuous family of C-embedded disks. 
Paired with the the W| foliation, the family of plaques gives a C"^ trans- 
verse pair of plaque families in ^^^{x). Lemma 111). 51 implies that for each 
y G >V^*(x), the distance between the £-jets of >V^*(x) at x and W^'^{y) at 
y is o(d(x,y)"). Since >V'=(y) = )^^(y) n yV^"(y), it follows that the the 
distance between the £-jets at y of yV"^(y) and W^(?/) is also o{d{x, y)°'). But 
o" is Lipschitz, and a has an (^, a, C) expansion at y along yV^(y), for every 
y. This implies that in an adapted coordinate system at x , we can write 
the plaques W'^{y) as a parametrized family along which a has an (l,a,C) 
expansion at y along W'^{y), for every y G W"^*(x), with an error term that 
is on the order of d{x,yY . Hence we can apply Theorem 18.41 to conclude 
that a has an (I, a, C)-expansion along W'^*(x) at x, for every x in U , where 
C is uniform in x. 

Now the family {W'^'^ {x)} x(^u is a uniformly continuous family of C^' 
plaques in U . Paired with the local W" foliation, it gives a transverse C^'" 
pair of plaque families in U . Since a is u-saturated, it is along W"-leaves 
and in particular has an (^, a, C)-expansion along >V"(x) at every x € U. 
Applying Journe's theorem again, we obtain that a has a (£, a, C")-expansion 



92 



AMIE WILKINSON 



expansion at every x G C/, where C is uniform m. x . Theorem 18.21 im- 
phes that a is C in U . As p was arbitrary, we obtain that o" is C*. o 

This completes the proof of Theorem O o 



12. Final remarks and further questions 

The proofs here could admit several improvements and generalizations. 
Some are not difficult: for example, the compactness of the manifold M was 
not essential. The definition of partial hyperbolicity in the noncompact cases 
merely needs to be modified to ensure that the functions v^v^v j^^v are 
uniformly bounded away from 1, and the definition of r-bunching must be 
similarly adjusted. Other improvements on Theorem [A] are more challeng- 
ing. For example, there is no counterpart in Theorem lAl to the analyticity 
conclusions in Theorem 10. H part IV. Another question is whether the Holder 
exponent in Theorem [Aj part II can be improved. Finally, we ask whether 
the loss of one derivative in Theorem lAl part IV (and Theorem C) is really 
necessary: is it true that if is C, / is C"*, accessible and r-bunched, where 
r > 1, then any continuous solution to ([2|) is (or perhaps C'^~^, for all 
e > 0)? 
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